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DIFFERENCE MATRIX AND SOME MULTIPLIER SEQUENCE
SPACES

RAMAZAN KAMA AND BILAL ALTAY

ABSTRACT. In this paper we show that completeness and barrelledness of a
normed space can be characterized by means of sequence spaces obtained by
a sequence in a normed space and difference matrix method. Other related
results are established.

1. INTRODUCTION

By N and R, we denote the sets of all natural and real numbers, respectively.
Let RY be the space of all real sequences. Any vector subspace of RY is called a
sequence space. By f~, ¢ and ¢y, we write the spaces of all bounded, convergent
and null sequences x = (z},), respectively, and we denote the norm on these spaces
by ||z]lec = sup | zx |. Also by bs, c¢s and ¢, we denote the spaces of all bounded,

k

convergent and absolutely convergent series, respectively.

Let A = (ang)be an infinite matrix of real numbers a,j, where n, k € N. Then,
we write Az = ((Az),), the A-transform of z € RY, if (Az),, = >° ank®i converges
for each n € N. For a sequence space A, the matrix domain A4 of an infinite matrix
A is defined by

)\A:{xz(xk)eRN:Axe)\},

which is a sequence space.

Let X\ denote any one of the classical sequence spacesls, ¢ and ¢g. Aa consisting
of the sequences z = (xy) is called as the difference sequence space, where A denotes
the backward difference matrix A = (A,;) and A = (Agk) ) denotes the transpose
of the matrix A, the forward difference matrix, which are defined by

A — (-1)"F | ifn—-1<k<n,
nk = 0 , f0<k<n-—1lork>n,
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and
AO_f Drh e ifn<k<nt
e 0 , f0<k<nork>n+1

for all k,n € N, respectively.

Several authors introduced and studied the domain of forward and backward
difference matrices in classical sequence spaces [4, 5, 6, 9, 12, 13, 14].

A series ), x), in a real Banach space X is called weakly unconditionally Cauchy
series (wuC's) if >, |f(zk)| < oo for every f € X*(the dual space of X). We
write the X-valued sequence spaces of weakly unconditionally Cauchy series, weakly
convergent, bounded, absolutely convergent and convergent for wuC's(X), wes(X),
bs(X), £1(X) and es(X), respectively.

It is well known (see [3] and [8]) that z = (z) € wuCs(X) if and only if
(arzr) € cs(X) for every a = (ax) € co, and also well know (see [7] and [15]) that
X is a normed space then x = (zy) € wuCs(X) if and only if the set

(1.1) E:{Zakxk: ak|§1,k=1,2,...,n;n€N}
k=1
is bounded.
In [1, 16], authors used the space

S(x) = {a=(ar) €l : (arzr) € cs(X)}

of an arbitrary sequence (zx) in a normed space X to characterize completeness
and barrelledness of a normed space and weakly unconditionally Cauchy series. In
[2], the space BS(z), LS(x) and LS, (z) were defined by the set of all sequences
a = (ax) € RY such that (apzy) € bs(X), (axzr) € cs(X) and (axzr) € wes(X),
respectively and some properties of these spaces were studied. In [11], these spaces
are studied in the particular case of Cesdro summability.

In this paper we introduce some new sequence spaces of real sequences obtained
by sequence in a normed space and backward difference method. We give some
characterizations related to completeness and barrelledness of a normed space and
some inclusion relations associated with these sequence spaces.

2. MAIN RESULTS

In this section, we define some new sets of real sequences obtained by sequence
in a normed space and backward difference method. Also, we give some characteri-
zations the completeness and barrelledness of a normed space X by means of these
spaces.

For a sequence x = (xj) in a normed space X, the sets BSA(z), LSA(z),
LSA,(x) and LSAg(z) are defined by

BSA(x
LSA()(I
LSA(z

(

)
)
)
LSA,(z)
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where Ag(a) = (ap — ag—1). The sets BSA(z), LSA(x), LSA,(x) and LSAq(x)
are the normed spaces with the norm

zn: Ak (a)xk

k=1
It is clear that LSA(x) C LSA,(x) C LSAg(x) C BSA(x).
For a sequence f = (f) in X*, we define the set
LSA(f) = {a=(ar) € RN : (Ag(a)zy) € wes(X*)}.

It is clear that the inclusions LSA(f) C LSA,(f) C LSA,«(f) and SA,«(f) =
LSAu«(f) N (Iso)c are hold.

lallpsa = sup

Theorem 2.1. Let X be a normed space and x = (xy,) be a sequence in X. Then,
BSA(zx) and LSAg(x) are Banach spaces with the norm ||.|psa-

Proof. Firstly, we shall prove the completeness of BSA(x). Let (a™) C BSA(x)
be a Cauchy sequence. Then, there exists € > 0 and mg € N such that for p, g > my

(2.1) ||ap — aq||BSA <€

and thus

[Ai(a? —af)zi]| =

7 i—1
Z Ag(a? —af)xy — Z Ag(a? — af)xy
k=1 k=1

IN

2||ap - aq||BSA <€

for every i € N. This means that (Ax(a™)) is a Cauchy sequence in RY for every
k € N. We suppose that Ag(a™) — Ag(a’) € R for every k € N. We show that
a® € BSA(x). From (2.1) if we take limit as ¢ — oo, then

(2.2) <e

Z Ap(a? — a®)xp
k=1

for every n € N. Since a? € BSA(x) for each p € N there exists K, > 0 such that

(23) la?lzsa < Kp.
From (2.2) and (2.3) for € > 0 and p > m( we have the inequality
la®Bsa = sup||D>_ Ax(a®)zy
k=1
n n
< sup Z Ag(a” = aP)zy|| + sup Z A(a”)z
k=1 " lk=1
< e+ K,

Hence, this proof is complete.

Now, we show that the completeness of LSAg(x). Let (a™) be a Cauchy sequence
in LSAg(x). Since LSAq(z) C BSA(z), there exists a sequence a® € BSA(x) such
that a™ — a®. For z* € X* there exists (y}*) C X** and ng € N such that for
€ >0and n > ng

(2.4)
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for m € N. On the other hand, since (a™) be a Cauchy sequence there exists € > 0
and mg € N such that for p,q > myg

€

3

We can choose x* € Sy~ (the unit sphere of X*). From (2.4) for ¢ > 0 and p, ¢ > myg

Ny =yl lz* (g3 — yi*)
%X+ [la? — a%||psa
€.

(2.5) l[a? — a|Bsa <

(2.6)

AAIl

Hence (y}¥) is a Cauchy sequence in X**. Thus there exists y5* € X** such that
lim,, y'* = yi*. If we take limit as ¢ — oo from (2.5) and (2.6), then
€ €

la? —a®||psa < and [y, =yl <

3 3
and also using (2.4), for n > ny we get
Do Ar@)z (@) — 2 (e < D] Aw(a®)at (@) = Y Apla)z" (ax)
k=1 k=1 k=1
+ Y An(aP)z* (zx) — ™ (y;7)
k=1
+la (") — 2" (yo")|
< S4°8.°¢
3 3 3
= e
Then a° € LSAq(x). O

Theorem 2.2. Let X be normed space. Then, X is a Banach space if and only if
LSA(z) (or LSAy(x)) is a Banach space for every sequence x = (xy) in X with
the norm ||.||Bsa-

Proof. Let x = (x1) be a sequence in X and (a™) be a Cauchy sequence in LSA(z)
such that a™ — a® € BSA(x). Since the sequence (a™) is in LSA(z), there exists
(ym) C X and ng € N such that for € > 0 and n > ng

(2.7) < g

> Aw@™)k — ym
k=1

for m € N. Since (a™) be a Cauchy sequence, there exists e > 0 and mo € N such
that for p,q > my

€

(2.8) la? — af]|psa < 3

Then from (2.7) for € > 0 and p,q > mg

(2.9) lyp =yl < 5 +lla” — %[ Bsa
’ < e

Therefore (y,,) is a Cauchy sequence in X, and by the completeness of X there
exists yo € X such that lim,, y,, = yo. If we take limit as ¢ — oo from (2.8) and
(2.9), then

€ €
la? = ¥llssa < 5 and gy — ol < 5.
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and also using (2.7), for n > ng we have that

S Au@ar—so| < 3 Aua® —a?)a,
k=1 k=1
+ (17 Ar(a?)zi =y + lyp — ol
k=1
< fL€L €
3 3 3
= €.

This means that a" € LSA(x).

If X is not complete then there exists a sequence x = () € £1(X) \ cs(X). Let
suppose that ||zz| < 5 for every k € N. We denote the sequence a™ € R for
every n € N by

_ <
" {n k+1, if Kk <n, (k € ).

%=1 o, if k> n,

We have that a™ € LSA(x) for each n € N. If we consider a’ € RN such that a? = 1
for all k € N, then a® € BSA(x) \ LSA(z) and lim, a™ = a". Hence LSA(z) is
not complete. O

Theorem 2.3. If f = (fx) is a sequence in X*, then LSA,~(f) N BSA(f) is a
Banach space.

Proof. Let f = (fx) is a sequence in X* and (a™) be a Cauchy sequence in
LSA,«(f) such that a™ — a® € BSA(f). Since (a™) C LSA,«(f) there ex-
ists (gm) C X* and ng € N such that for x € Sx, € > 0 and n > ng

n

(2.10) DA™ fi(@) = gm(x)| <

k=1

Wl ™

for m € N. On the other hand, since (a™) be a Cauchy sequence there exists € > 0
and mg € N such that for p,q > myg

€

(2.11) la? — afl|psa < 3

Then, from (2.10) for € > 0 and p,q > mq

1) o0 —gall < % + o = a7l msa
' < €

So (gm) is a Cauchy sequence in X*. Hence there exists go € X™* such that
lim,, g,n = go. We take limit as ¢ — oo from (2.11) and (2.12), and suppose
that

€ €
(2.13) |a? — CLOHBSA < 3 and [|gp — gol < 3
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and also using (2.10) for n > ng

n

> Axa® — ) fulx)

k=1

> Ar(a) fu(@) = gp()
k=1

<

Z Ag(a®) fr(z) — go()
k=1

+ + l9p(2) — go(2)]

< Sty i=e
3 3 3 7

and hence a® € LSA - (f). O

Theorem 2.4. The normed space X is a barrelled space if and only if LSA«(f) C
BSA(f) for every sequence f = (fy) in X*.

Proof. We suppose that X is not a barrelled space. Then there exists a weak*
bounded set N C X* which is unbounded. Therefore there exists (gr) C N and
C; > 0 such that

lgkll > k*  and Siplgk(x)|< Ce

for every z € X. We define the sequence (hy) C X* by

2 = g1, if k= 1,
" %gk - ﬁgkq, if k> 1.
We consider the sequence = (1,1,1,...). Then x € LSA,-(z) \ BSA(z). O

In [10], we were defined the spaces SA(z) and SA, (z) by
SA(z) = {a=(ar) € (loo)a : (Ar(a)zy) € cs(X)},
SA(x) = {a=(ar) € (loo)a : (Ag(a)zy) € wes(X)}.
It is obvious that the inclusions SA(z) = LSA(z) N (lo)a and SA,(z) =
LSA,(x) N (Ieo)a are hold. Now, we obtain some results associate with LSA(x),

SA(z) and (cg)a. This results are also valid if we take the spaces SA,(z) and
LSA,(z) instead of SA(x) and LSA(x), respectively.

Theorem 2.5. Let X be a normed space and x = (xy) be a sequence in X. If
i%f |lzk|| > 0, then LSA(z) = SA(x).

Proof. If a = (ay) € LSA(x), then we have

n—1

Z Ak(a)xk - Z Ak(a)xk
k=1 k=1

Therefore A,,(a) — 0, and hence (ai) € (co)a. This shows that (ar) € SA(z). The
inclusion SA(z) C LSA(z) is obvious. O

An(a)z,| = — 0,n — oo.

Theorem 2.6. If X is a Banach space and x = (x1) be a sequence in X, then
i%f llzk|| > 0 if and only if LSA(x) = SA(x).
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Proof. Necessity follows immediately from Theorem 2.5.
If irlgf lzk]| = 0, then there exists a strictly increasing sequence (m;) in N such

1
that [z, || < -. We define the sequence a = (ax) by
i

i, 1f]<3:7’)’L77
AM@Z{O,ﬁk#m@

It is obvious that (ay) & SA(z). Since the series > ;- | Ag(a)zy is convergent by
Cauchy criterion, we have (ax) € LSA(x). O

Theorem 2.7. Let X be a normed space and x = (xx) be a sequence in X. If
ir]if llzk| > 0, then SA(z) C (co)a.

Proof. If (ax) € SA(x),

n n—1
|An(@)znll = || Ar(a)zr — > Ar(a)zy| — 0,n — oo.
k=1 k=1
Thus A, (a) — 0, and hence (ax) € (co)a- O

Theorem 2.8. Let X be a Banach space and x = (xy) be a sequence in X. Then
i%f llzkll > 0 if and only if SA(z) C (co)a-

Proof. Necessity follows immediately from Theorem 2.7.
To prove the sufficiency it is enough to show SA(z)\ (co)a # 0. Let iréf lzk] = 0.

Then there exists a strictly increasing sequence (m;) in N such that ||z, [ < —.
i
Let a = (ay) be the sequence defined by

1, ifk‘:mi,
A“@{o,ﬁk¢m,

It can be easily seen that a & (co)a. Since (Ag(a)xy) € es(X) by Cauchy criterion,
a € SA(x). O

Theorem 2.9. If X be a Banach space, then the sequence x = (xy) € wuCs(X)
and i%f lzg|l > 0 if and only if SA(x) = (co)a-

Proof. Let x = (z) € wuC's(X) and irlif |zx|| > 0. Since i%f |zx|| > 0, the inclusion
SA(x) C (co)a is obtained from Theorem 2.8. We take b = (bg) € (cp)a. Since
x = (z) € wuCs(X), the series >, Ag(b)xy, is convergent. Thus b = (by,) € SA(x),
and hence the inclusion (co)a C SA(x) is satisfied.

Since (co)a C SA(z), we have z € wuCs(X). Also, by Theorem 2.8, the
inequality ir}if lzx]| > 0 is obtained. O

3. CONCLUSION

In this paper, we introduced and studied the sets BSA(z), LSA(x), LSA, (x)
and LSAg(z) (LSA,«(f)) by means of a sequence z = (zx) in a normed space X
(f = (fx) in X*) and the difference matrix. We obtained the characterizations of
completeness and barrelledness of the normed space X by means of these spaces.
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Finally, we given some relations between these spaces. It is natural that the inves-
tigation of more general conclusion corresponding to the results of this paper can

be

studied by taking more general matrices instead of the difference matrix.
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