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Abstract

In this paper, considering g—analogues and g—combinatorial identities, we gave some
congruences including ¢g—binomial coefficients and ¢— harmonic numbers. For example,
for any prime number p and o € Z T,

pz_:l (—1)* et WA k], l@p - 11
q

k=1 k

l—«

(1(1_(15)2 (qap+2 (¢" —2) + ¢ — ¢ + q2) [p— 1]q (mod [p]g)
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1. Introduction

Harmonic numbers H,, are those rational numbers defined by
LN |
Hy=0, HnZZg forn € Z*,
k=1
and for each m = 2, 3, ..., harmonic numbers of order m are those rational numbers defined
by

n
1
Hn,m: kaim forn€Z+.
k=1

In [11], Sun gave that for an odd prime number p and 1 < k <p —1,

(—1)* (p; 1) =1—pHp+ %p2 (H,g - Hkg) (mod p3) .
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In [2], Cai and Granville obtained that for any prime number p > 5,

p—1 -1 a
S et (171 et g

k=0

and in [9], Pan showed that for an odd prime number p,

p—1 a
_ -1 —1)(3a —4
Z (_1)(a 1k <p B ) = 2a(p71) + CL(CL ié a )pBBp—:& (mod p4)7
k=0
where a is a positive integer.

The g—harmonic numbers are given by

n n k

Ho(g) =Y [,j] and Hufe) = 3 of

k=1 q k=1

where [O]q =1 and [k]q =1+4+q+q+..+qg L.
The g—harmonic numbers of order m are given by

It is clearly seen that for p,k,a € Z™ with ap — k > 0,
lap — k], = [pl, [e] — ¢"P " [K], - (1.1)

A g—analogue of the binomial coefficient is the g—binomial coefficient, which is defined by

for n, k € N with n > k, where

is the g—factorial. It is clear that

limn = ("
q—>1kq_ k)’

where (7) is the usual binomial coefficient.
In [7], Kizilates and Tuglu gave that for an integer number n > 1,

n—1

> ¢"Hi.(q) = [n], (Ha (a) — ), (1.2)
k=1
and
= = q = ¢
g::lqk k], Hy (q) = g [n], [n—1], (Hn (@) -1 q) : (1.3)

In [8], Liu et al. investigated that for a positive odd integer n,

n—1 a
Z (_1)(0171)]{ qa(k;rl) [n — 1]
k=0 k q
a—1)(n*-1
@D D 0 g 2 (mod @, ("),

where a is a positive integer, (x;q),, is the g—Pochhammer symbol and ®,, (¢) is the nth
cyclotomic polynomial.

a
= <—Q§ Q)Zq =+
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We will refer to the book [3] for notation and basic facts on g—calculus. Also, in [4-6,10],
the authors obtained some sums involving g—analogue. For example, in [4], Kim proved

k—1
the formula for the g—analogue of > j as follows: For n > 1,
j=1

Z K, = 1+ [n], [0+ 1], - (1.4)

In [1], Abel’s partial summation formula asserts that for every pair of families (ax)j_,
and (bg),_, of complex numbers, there is the relation

+an (i bj) . (1.5)
j=1

In this paper, considering g—analogues and g—combinatorial identities, we gave some
congruences including g—binomial coefficients and g—harmonic numbers. For example,
for any prime number p and o € Z T,

p—1
k=1 q
1—ap
- (1q—7q2)2 (qap+2 (¢" —2)+ ¢ — ¢* + q2) [p—1], (mod [p]}).

2. Some results with congruences

In this section, firstly, we will start some auxiliary lemmas and then give main theorems:

Lemma 2.1. Let p is any prime number and o € Z+. For 1 <k < ap — 1,

(_1)k q—apk-i-(k;l) lapk— 1‘| —1_ [p]q [a]qp q—oepﬁk (Q) (2'1)
q

+ % [pl; [o]2, a2 (R (9) — ¢" i (q)
— (1= q) ([k], Hr2 (9) = Hi (0))) (mod [p];).
Proof. From (1.1, it is scen that
]
K q

[ap — 1]q[ozp—2]q...[ozp—k:]q
(1], 2], - [k],

= ()t grem(E)
x (1 1ol ol 4" Flc g) +

>
—3 BTl 72 (1= ) (1], Fea (0) ~ (@) ) (mod 51,

as claimed. O
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Lemma 2.2. Forn > 1, we have

n—1
> " His (q) = [n), Hna (q) — Hy (q) (2.2)
k=1

Proof. From definition of [n] , the proof of (2.2) is clear. O

Lemma 2.3. Forn > 1, we have

Z q)—q(1—-q)[n],, (2.3)
and
g2k . B ~ .
> @ = 2@+ 1-g) (1] 2 (@) = Ha (0)) + H2 (q). (2.4)
k=1 q
Proof. Using (1.2) and (1.5), the proof of (2.3) is given and from (2.2), the proof of (2.4)
is obtained. 0

Lemma 2.4. For n > 1, we have

no ok
q" =~ 1 9 ~
4 [ (q) == (H, H2(q9)— (1—q)H,(q)), 2
;qu>2(2@+n@< 9) Hy (9)) (2.5)
and
n—1 q q2 1
k 772 9 7 o o -
];q kg Hic(9) = 7 Hn )([n+1] [l Hn (@) = 227 Inly [ 1]q+q>
q q" +1 2
+ o + -1 — 3], -
Proof. Firstly, we will give proof of (2.5). From (1.5), we get
n q ) n—1 qk+1 _ . n qk N n q2k
T = H (q) — Hi (@) = Hy(9) = ) a7 He (@) + ) T3
§w Z%H] Ehﬁk gmg
and from (2.4), the desired result is obtained. Secondly, (1.5) yields that
= | > ¢} (q) 2qu _2(12‘12ka (q)
k=0
-y 2+
k=0

k=0 k=2
F D M A (a) = 20 Y o K, H(0) = 20 ) P () = D0
k=2 k=1 k=0 k=0

With the help of (1.5), it is seen that

Zn: P = 1 (Zn: q" [k], Hy (q) - q2> (2.6)
k=1 7 \i=1
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—(1—q) Zq (+1(1—a)+q" [n+1], (Huri (@) —a).

By (1.3) and (2.6), the proof of the ﬁnal equality is given. O
Lemma 2.5. For n > 1, we have
n— _ 1 _ ~
2k _ _ _ "
> s (@) = 1 (120, a2 (@) = 20 (@) + 0 (1= ")) (27)
and .
n— _ 1 _ _
k _ _ —
o M e (0) = 7 (alnl, (0= 1], Hoz (@) = 1) + Ha(g)) . (28)

Proof. Observed that

n

> [k]ﬁ Hys (q) + [n+ 1]2 Hyi12(q)
k=1

S WP @ =Y
k=1 k=0
+22

n
= E: fﬂa q" [K] f&z(Q)+‘§:qﬁfﬁﬂ(Q)—Q[n4-ﬂq7
k=0 k=0

k+1]2 Hpp12 (q)

and thus
QZq Hkg :[n+1] n+12 Zq2ka2 —q[n—l—l]q. (2.9)
By (1.2) and (1.5), we write

En: o) = —2 Z q" (K], He ( (2.10)

_1_q[

n+1], (Hn+1 —q) +¢" [+ 1], Hus12 () — ¢"Hurr (q).
From here, with the help of (2.9) and (2.10), the proofs of (2.7) and (2.8) are obtained. [

Lemma 2.6. For n > 1, we have

z ¢ HE (@) = 0], B2 (@) = ¢"Ha (@) = 1+ 9) 0], (Ha () —q), (211
and
Z ¢"Hy (q) Hy2 (0) = [n+1], Ho2(q) Ha (q) (2.12)
Ha @) (5 -+ 1)) = 5HE @)+ 5 0+ DL (@),
Proof. Observed that
n ~ n+1 ~ n N
Z [+ 1), Hyyy () = D (K], Hi (@) = D [k + 1], Hi 4 (a)-
k=1 k=1 k=0
From [k +1], = [k], + q*, we have
n _ n+1 q2k
quHk: =[n+ 1, Hapi(0) =24 ¢"Hi(9) = D> o=
=0 i M
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By Lemma 2.3, we have the proof. Also, for proof of (2.12), using (1.2) and (2.5), the

result is obtained.

Lemma 2.7. For n > 1, we have

n q3k - ~ 2
G = 2@ =20 -0 (@) + 4 (=0 [l
k=1 q
and
S ()
2 [k]q k\q

Proof. By (1.2) and (1.5), using Lemmas 2.5 and 2.6, the proof is complete.

Lemma 2.8. For n > 1, we have

n ~
> ¢"H} (q)
k=0

= 1, B @)~ 5 (Lt a) 1], By (@)~ 5 (1 - 0P+
+[n+ 1], (Hnt1 (0) — ) (;q - 21q +4° + 2) - gqn“ﬁiﬂ (a)
+%fln+1 (@) <qn (1+4q)(4g—1)+ (11 (1- Q)2>

5 Hnin @) (224 0 (1= @) It 1], + 0= 0 [l In 411,

Proof. Consider that

n

> (Kl Hil (a) + [0+ 1], H yy (0)

Hos (0) + 5 o (0) (F (@) + 20" g = 3) + ], 0 (1~ ).

O

(2.13)

(2.14)

k=1
n+1 n .
= Y K, Hi(¢) =D [k+1],Hjyy (q)
k=1 k=0
n _ s 3
= k+1] [ H 4+ =
zn:[ ] <~3( ) ~2( ) qk+1 N ( ) q2(k+1) q3(k+1)
= k+1], | H; (¢) +3H (¢) m—— + 3Hk (q + )
= 7 [k +1], k+17  [k+1])
S (16, + o) 7 (@) +30 30 T () +3 3 Al () o 30
= kl,+q") H; (¢) +3¢q g Hg (q)+3 Hy (q +
k=0 ! k=0 k=0 [k + 1]q o [k + 1]2

n+1 k

- n - n - — 2
= SOk, H () + S, dFH (@) + 3¢S " HE (@) + 3 Hyo (q) 2o +

[]

>
I
o

k=0 k=0 k=1 q

n+1 2k

b
Il
o

k=0 k=0
From here, (2.11) and (2.14) yield that

> ¢k} (q)
k=0

q

1
2
k=1 [k]q
n+1l 3k

SR IR s IO RS S TS b AR Sy S i
k=1 [k} k=1 [k]q
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. n . n+1 qzk ~ n+1 qgk
= [n+1]an+1(q)—3qu Hj; (Q)—3Z?Hk(Q)+QZﬁ
k=1 = Kl =1 (K]

= =3¢ ([n+1], (21 (@) = 0 +) (Hs1 () = q)) = ¢" Hurr (0)

451

n+1 3k

3 1 (0) (q2n+2 +n+ 1]q (1—2¢q) (1 + qn+1>> _ %ﬁ?ﬁ-l (q) +2 Z 5{12
k=1 q

_3[n+1]qq(1—q)+[n—i—l]qf[gH (q) —g n+1 (q) (Qqn+2+q—3).

By (2.13), we have the desired result.

Lemma 2.9. For n > 1, we have

En: ¢** Hy, (q) Hy,2 (q)
k=1

2n-+2
— ([3]qq<q"1>q+>

(1+q) q—1
- 1iq~n2(q) (1_1q2 +Q[n]q) - 14qu (H2 (a)
~ 20+ 2], o (@) B (o) — o (0) (5 3, — 1))

and

k=0
q T T q
= a+1 [n}q [n+ l]q Hy, (q) Hn2 (9) +4 (1 - (61—1-1)2> [n]q
1 - 1 q 1) ~
" 2(1+Q)H2(q) - ((qul)2 NPT [n]q+2> Hn(9)
q2n+2 B 1 ) > 1 "
Ty D P ) e @)
Proof. Firstly, by (1.5) and (2.12), we have
i qzkﬁk (q) ﬁk,Q (9)
k=1
n—1
= (1-9q) Z q" [k + 1], Hiy1(q) ﬁk,Q (9)
k=1
n—1 n—1
—q(1—q) > " [k+1], Hez (q) — % 1-9) Y ¢*Hiz(q)
k=1 k=1
n—1 n—1
T > dF [k, Hez (@) + La-o? > ¢ Hy (q)
2 k=1 2 k=1
n—1 n—1
S0 Y @) a0 -0) Y ¢ (o)
k=1 k=1
1

(2.16)

(2.17)
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Secondly, we can write

M=

(k]2 Hy, (q) Hy2 (q) + [0+ 12 Hys1 (q) Hog1,2 (q)

3

+ |l
I

= k]2 Hy, (q) Hy,2 (g Z [k + 1]2 Hys1 (q) Higr2 (q)
0

gF _ gt
28 (et + M) (A0 5255

n

[k + 1)2 Hy, () Hy2 (9) + > 0" Hy (q)

>
Il
—_

I
M=

il
o

I
M=

e
Il
o
B
Il
o

= S RPHy () Hia (g +22q ¢) Hio () + 3 o
k=0 k=0

S P () F (@) + 50 (@) + 3 ¢ T+ 1), Fia (0).

k=0 k=0 k=0

After from some combinatorial operations, we have

q" [k, Hy. (q) Hy.2 (q)

NE

0

[n+1]2 Hyy1 (@) Hugr,2 (q)

l\')\»ﬂﬂr

n+1
Z(J%Hk ) Hiz (q —*quka Zq Jo Hr2 (g

Substituting (2.19) in (2.18), we have

n

Zq%Hk: ) Hi2 (q)

2 o =0

(2.18)

(2.19)
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1 n—1 . 1 q n qzk _ n q%
5 (=0 B—a) > d" [k, Hia(9) - 7ZWHIC (¢) + (1—C])ZW
k=1 k=1 q k=1 q

n—1 n—1
1—q Z(I%Hk (4 )+%(1—q2) Y " Hi(q)— 5 (1—q) Y ¢"Hi ()

k=1 k=1 k=1

n—1 n—1

5" (4" F @)+ (1= 0) (1], B (0) — Fo () + L2 a)
—(1=q)q" [n], Hn2 (q) + ¢" " Hy (q) -

From (1.2), (2.3), (2.14) and Lemma 2.6, we get

(1+5520) 3 o) Az 0

k=0
1 2 1 = 2k 17
= 5 (-0 (¢ =30 )Zq o Hi2 (@) = 5 (1=0) 3 ¢ Hia (0)
k=1

_1-q (1ﬁn,2 (q) + §H72L (@) +[n],q(1—q)+ %ﬁn (q) (2qn+1 tq— 3>)

+(1=q)q"Ha () + (1= )’ [n], (Ha (a) = a) = (1= ) q" [n], Huz (q)

(1= q) ([n], H2 (9) = 4" Hn (9) = (1 + 9) [1], (Ha (0) — q))

+5q(1=q) [n], (Hn (@) = q) + " [n+ 1], (Hos1 (9) = ) Haz (q)
— (g ),y B 0) + ¢ o+ 1], oz (0))

1—-q ~ ~ ~ —q ~
+W [n + 1]3 Hpi1(q) Hng12 (q) + ¢" 7 Hy (q) — anHn (q)

5" (4" (0) + (01— ) (o], F (0) ~ F (@) + 2 (@)

and with the help of (2.7) and (2.8), we have the proofs of the two sums. O
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Lemma 2.10. Forn > 1, we have

Zq% g Hr2 ()
= [31](] <q2 [n], [n+1], <q" + qi1> Hyp12 (q)

+<2 1 )EI (q) + ¢
1+q n+1 4 1+

1), (g (1= ) ), - 1)) ,

and
Z Hk 2 (
ST (q il 1, (In+ 11, + @ n],) Farz )
(g, T AT S ) B
— g1 () + P +1], (1-qlnl,)).
Proof. By (1.5) and (2.8), the proof is similar to the proof of Lemma 2.9. O
Theorem 2.11. For any prime number p and o € Z*, we have
p—1
—1
1 k —apk+(k+l)+k ap
D> (-1)q 2 i
k=1 q

= [pl,—1-[,ledpa (qp + [Pl (p;1 (1-a)- q))

o R alZ g (1 - )

p-1(3B-p) p-1 (p—1)(1—q)
(o (T2 Bt ) - =) (o o)

Proof. From Lemma 2.1, we have

Pf (—1)k gork+ (31 [ap - 1]
k=1 k q
= Zq( o0l P Hy (q)
1 2

+5 vl [ol3, (7 (0) = 6" Hiz (9) = (1 = o) (K], Hiz (a) = Hi (Q)))> :
and with the help of Lemmas 2.5 and 2.6, then

$ (g o
k=1 k q
= [p]q —1- [p]q [a]qp ¢ <qp a [p]q <(p_1)2(1_Q) * q))
1 e (1= )B=p) 1-q, (@-1)(1-—¢)7
+g bl el ™ <qp 2 T T it
+EZDUZD oy L) funod )

Using some combinatorial operations, we have the proof. ]
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Theorem 2.12. For any prime number p and o € Z™, we have

L k1 ap —1
b _
Z (_1) q apk+( 2 )Jrk [k]q L
k=1 q
l1—ap
q
= Gogp TP @ =D = ) p -1, (mod Bl
Proof. By (1.4), Lemmas 2.4 and 2.10, the proof is similar to the proof of Theorem
2.11. O

Theorem 2.13. For any prime number p and o € ZT, we have

ﬁk (q)

p! kt1 -1
Z (_1)kq7apk+( ;r )+k [ap
= q

k

k=1
= (302 4+ 4g — 1) gr 4+ 3got2) 17
= (q (2+4q) (3q + 4q 1) a** + 3q ) (g 1)

Hy,1(q) 2pa p+1 2 2
R St S VN 2qPT2 _ P — _ 1
T (4% (57! + 24" — ¢ — 64 — g + 1)

1P (5q TP 32 4 P — 2) 545 — 2 + P + 1)
3¢ — " —2¢P + ¢"* (3¢"T —5q +2)
2q% (q - 1)°
Proof. From (2.1), we have
p

-1

(" —1)H} 1 (g) (mod [p]2).

(1) grovk+(5) 0 lapk— 1] iy (9)

Il
()
Ead
5
—~
)
~—
7 N
—_
|
=)
Q
£
Q
S
Q
Q
i~ ]
=
—
e
_|_

= 5 Wl ™ A @) - ) el SR @
p—1 p—1
FY ¢ (@) + 5 (0 - @) ol a7 Y "B (a)
k=1 k=1
p—1
T o a2 Y o (H, ik (0) Fia (a)
k=1
p—1
S W2l Y P (@) Hia (@) (mod ().
k=1

With the help of (1.2), (2.11), (2.15) and Lemma 2.9, we have
1

p

(]

(—1)F q—apk-l—(k;rl)-i-k [Oépk— 1] i ()
q

e
Il

1
Py (Ap () = ) = 2 [0 " (A2 (a) — (1 + ) (Hy (@) — q))

bl [l a7 (0) + 5 I el a2 (1o, 3 @) = 5 (14 @) ), 2 )

—
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o), (B (0)—a) (30— 5+ +2) — 3 0= 0], - 32 @
%ﬁf (9) (qp_l (1+q)(4¢—1)+ ; (1-q)

%ﬁp 2 () (¢ + a7 (1= ¢*) ], + (1= ) [p— 1], [p]q)>
LRl e (28 @ - a) (0 15 )~ 2 @

A @ @+ 0@ (B @) - 1 )
+l2ﬁﬁ[p*172 (q) (2(q3_ ) + 2(11+q) 4 iq)2>

4 (04 T2 = o (@) = —Fp12(0)) )

b5 (= @) B ol a2 (1], H2 (0) ~ 1, (0))

5 (1= @) PR el g (A, () — a)

R o g ([0 By @) By 0) — a ), (P (@) — )
e (0l o+ 1)y Fra 0+ Bl (@) = alp+ 11,) ) (mod i),

and with the help of the congruences [p}qﬁg (q) = 3qufIg,1 (q) + 3%[?17_1 (q) + %
q q

(mod [pl,) and [pl, 2 (q) = 2" Hp-1 (@) + 5 (mod [p],),

$ (c grem () lapk— Y (o)
k=1 q
2l (Fp (@) — @) + 2], [0] o a7 H, (g) = [p]2 [0] p 7 (H2 (q)

~(1+q) (Hy(a)—q)) + % [p); [l g2 <3qu5_1 (a) + [f]%
+3§)]H (@) =5 L+ o, B @) + ), By (0) (G - 50+ +2)
—g <2qpffp—1 () + f;f;) + %ﬁp (q) (qpl (1+¢)(4g-1)+ 611 (1- Q)2>
+%q2pﬁp72 (q) + % ), Hp2 (q) (qp*1 (1 - qz) +(1-a)’p - ”q))
32l (o 1) (Gl @ —0) = 21 @
B @ o @+ s @) (B (@) - )
+¥ﬁp‘lv2 (@) (2(q3— 0 2(11+ 9 (1 iq)2>



Some congruences 457

+5 (1= q) [pl; []2, a2 H, (q) ([p), Hy (a) = ¢ = (1 +q) [p],)

(1= q) )z 013 a7 ([p]2 Hy (9) Hy2 (0) — a[p], Hy (0)

I NG

_(141rq) (q [p+1], ([p]qﬁp+1,2 (q) —1) + Hpy1 (q) > (mod [p]).

Again, using congruences [p]2f~lp () Hya(q) = ¢"Hp1(q) + % (mod [p],) and
q

+1
[0+ 11, Bpia2 (0) = Prta? + o2

+1], ¢"*! (mod [p],); We can write

k=1 k

Z (—1)F grerk+ () [“p - 1] Hy (q)
q

pl, (Hy (a) = q) + [Pl [0]p PP, (q) = ]2 [0] o a7 (H2 ()

—(1+q) (Hy () — ) + 5 P2 [alo g7 <3qpﬁ§_1 (@) + =5
2p _ 2p ~
+3[qWHp—1 (q) — ; (1+4q) <2qup—1 (@) + q) — =q"H} (q)
1
2

7
+qp <q _
2 2q

1 ~
5 2pHp,2 (Q) =+

5 (@@ -

=
/N
K
[a—y
~__
|
K
| | =
[a—y
?m
_
—
K
SN—
ﬁlm
J—‘
Do
—
()
N~—

14¢q ~ 3 1 1 ~
+—Hp 12 (q) <2(q_1) +2(1+q) - (1+q)2> —H} | (q)

1 ~ 1 ~
40 (0 T = ot (@) = —Fp12(0))

q2p ~

+——H, 12(q) (ﬁp—l () - 1))

q—1 1+g¢

1—q ([ pulp+l, o [Pl ~
T2+ g (q YL T e, e @bt 1lq>
11— (q”“ —q"Hy 1 (q) — qu>
2 - 7],

2p

+(1—q) <2q”ﬁp_1 (q) + 57] — ¢"H,(q) — " (1 + q))) (mod [p]}).

Thus, the proof is complete. (|
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