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ABSTRACT. In this article, the M-projective and Weyl curvature tensors on
a normal paracontact metric manifold are discussed. For normal paracontact
metric manifolds, pseudosymmetric cases are investigated and some interest-
ing results are obtained. We show that a semisymmetric normal paracontact
manifold is of constant sectional curvature. We also obtain that a pseudosym-
metric normal paracontact metric manifold is an n—Einstein manifold. Finally,
we support our topic with an example.

1. INTRODUCTION

The notion of odd-dimensional manifolds with contact and almost contact struc-
tures was initiated by Boothby and Wang [1]. In [2], Sasaki and Hatakeyama
reinvestigated them using tensor calculus. Tanno in [3] classified connected almost
contact metric manifolds whose automorphism groups possess maximum dimen-
sion. For such manifolds, the sectional curvature of a plane section containing &
is a constant named c. He showed that it can be divided into the following three
classes.

e Class-1= Homogeneous normal contact Riemannian manifolds with ¢ > 0.

e Class-2=- Global Riemannian products of a line or a circle with a Ké&hler
manifold of constant holomorphic sectional curvature if ¢ = 0.
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e Class-3= A warped product space R x; C'if ¢ < 0.

It is well known that the manifolds of class-1 are characterized by admitting a
Sasakian structure. In [4], Kenmotsu investigated the differential geometric prop-
erties of the manifolds of class-3. In general, these structures are not Sasakian [5].

In [6], S. Zamkovoy and G. Nakova reviewed the decomposition of almost con-
tact metric manifolds in eleven classes. In addition to almost paracontact metric
manifolds, K. Mandal and U.C De in [7], N. Ozdemir, S. Aktay and M.solgun
in [§] examined paracontact metric manifolds and obtained their various geomet-
ric properties. Also, in [9], H. Pandey and A. Kumar examined the anti-invariant
submanifolds of almost paracontact manifolds. Similarly, J. Welyczko |10] studied
Legendre curves on 3-dimensional normal paracontact metric manifolds.

After then, in [11], Pokhariyal and Mishra have introduced an M-projective
curvature tensor on a Riemannian manifold. The properties of the M-projective
curvature tensor in Sasakian and Kéhler manifolds were developed by Ojha in [12].
He showed that it bridges the gap between conformal curvature tensor, conharmonic
curvature tensor, and concircular curvature tensor. M-projective curvature tensor
on different manifolds studied by many geometers such as Kenmotsu, Sasakian, and
generalized Sasakian space form.

In [14], by using some tensors, invariant submanifolds of an almost Kenmotsu
(k, p, v)-space are characterized. Similarly, many authors have presented important
work with various manifolds and some curvature tensors on them ( |13], [15]- [18]).

Motivated by these ideas, we have attempted to study properties of the Weyl-
conformal curvature tensor in a normal paracontact metric manifold. We think
that some interesting results contribute differential geometry.

The present paper is organized as follows.

In section 2, we give the notations and preliminary results of normal paracontact
metric manifolds that will be used later. In section 3, we show that a normal
paracontact metric manifold satisfying R(X,Y)-R = 0 if and only if it has constant
sectional curvature and R(X,Y’) - M = 0 implies that it n-Einstein manifold.

2. PRELIMINARIES

An almost paracontact structure on a n-dimensional smooth manifold M is given
by a (1, 1)-type tensor field ¢, a vector field £, and a 1-form 7 satisfying the following
condition

P?=I-n®¢ nE) =1 (1)

As an immediate consequent & = 0, n o ¢ = 0 and the tensor ¢ has constant
rank n — 1. If an almost paracontact manifold is endowed with a semi-Riemannian
metric g such that

g(pX,9Y) = —g(X,Y) +n(X)n(Y), g(X,§) =n(X), (2)
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for any X,Y € T'(TM), then M™(p,&,1n,g) is called an almost paracontact metric
manifold, where I'(T'M) is the set of the differentiable vector fields on M.
It follows that

9(eX,Y) = —g(X, ¢Y).
The fundamental 2-form of the almost paracontact metric manifold is given by
(I)(Xa Y) = g(SDX, Y)

If dn = ®, then n becomes a contact form, that is, n A (dn)™ # 0 and M™ (¢, £, n, g)
is said to be a paracontact metric manifold. Any such pseudo-Riemannian metric
n+l n—1

manifold is of signature (*3=, “5=) for n = 2m + 1. In this case, we have

(Vx@)Y = —g(X,Y)§ = n(Y)X + 2n(X)n(Y)g, 3)
for any X,Y € I'(T'M), where V denote the Levi-Civita connection on M. and
(3) imply that

Vx&=pX.
An almost paracontact structure is said to be normal if the tensor N, —2dn®§ = 0
[13], where N, the Nijenhuis tensor of ¢ given by
No(X,Y) = ¢*[X, Y] + [pX, Y] = 0lpX, Y] — ¢[X, Y]

For the sake of brevity, a normal paracontact metric manifold is said to be para-
contact metric manifold [8].

A normal paracontact metric manifold M is of a constant sectional curvature c,
then its Riemannian curvature tensor R is given by

rxv)Z = S awox - gx v ()

c—1
4

— Y Z)(XE + g0V 2)eX — 90X, Z)pY — 2g(pX, Yw}

for any X,Y,Z € T'(TM) [§].

+

{n<X>n<Z>Y Y IN(Z)X + g(X, (Y )e

For a (0,k)-type tensor field T' and a (0,2)-type tensor field A on a semi-
Riemannian manifold (M, g), the Tachibana tensor Q(A,T') is defined as

Q(A,T)(Xl,XQ,...,Xk;X,Y) = —T((X/\AY)Xl,XQ,...Xk)
—T(‘le7 (X Na Y)XQ,Xk)

— T(Xh...Xk,h(X Na Y)Xk), (5)
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for all X1, Xs,.. X, X, Y € T(TM), where X A4 Y is an endomorphism defined by
(X AAY)Z = A(Y, Z2)X — A(X, Z)Y. (6)

A semi-Riemannian manifold (M, g) is pseudosymmetric if its the Riemannian
curvature tensor R satisfies

R-R=LQ(g,R), (7)

where L is a function on M. Particularly, if L = 0, it is called a semisymmetric
manifold.
On a normal paracontact metric manifold M™, the following relations hold;

R(X,Y)§ = n(X)Y —n(¥)X (8)
R(EX)Y = nY)X —g(X,Y)§ 9)
n(RX,Y)Z) = n(Y)g(X,Z) —n(X)g(Y,Z) (10)
S(X,8) = (1-nnX), Q= (1-n), (11)

for any X,Y,Z € T'(TM), where S and Q are, respectively, the Ricci tensor and
Ricci operatory of M given by ¢(QX,Y) = S(X,Y).

On the other hand, the Weyl-conformal curvature and M-projective curvature
tensors play an important role in differential geometry as well as in relativity. The
Weyl-conformal curvature tensor and M-projective curvature tensor of a Riemann-
ian manifold (M™, g), n > 2, are respectively, defined by

CXY)Z = RXY)Z = ——{g(V, 2)QX — 4(X, 2)QY

+ S(Y,2)X — S(X,Z)Y}
+ m{g(K 2)X —9(X,2)Y} (12)
and
MX,Y)Z = R(X,Y)Z- ﬁ{sm 2)X — S(X, 2)Y
+ g(K Z)QX —g(X, Z)QY}a (13)

for any X,Y,Z € T'(TM), where 7 denote the scalar curvature of M.
A normal paracontact metric manifold M is called n-Einstein if its Ricci tensor
S is of the form
S(X,Y) = ag(X,Y) + bn(X)n(Y), (14)

for any X,Y € I'(TM), where a and b are arbitrary constants. If b = 0, then
manifold is said to be Einstein.
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If a normal paracontact manifold M"(p,n,&, g) is an n-Einstein, from and
, we get 1 —n=a+b, 7 =na+ b, that is,

and b= —n— T

1+~
a — .
n—1 n—1

Thus takes form
S(X,Y) =g(X,Y)(1+

n(X)n(Y). (15)

Theorem 1. An n-dimensional M -projectively flat normal paracontact metric man-
ifold M™ is an Einstein manifold.

-
n—l)_(n+n—1

Proof. Let us assume that normal paracontact metric manifold M™ is M-projectively
flat, then from and , we obtain

R(X,Y)Z = ﬁ{S(Y,Z)X—S(X,Z)Y—i—g(Y,Z)QX—g(X,Z)QY}.

Here replacing Z = ¢ and using , we obtain
AX)Y = (V)X = L [n(¥)X —n(X)Y},
which implies that
QX =(1-n)X,
or
S(X,Y) = (1 -n)g(X,Y), (16)
for all X,Y € (T M). O

Proposition 1. If A normal paracontact metric manifold M™(p,n,&, g) is Weyl-
conformally flat, then it an n-FEinstein manifold.

Next, let us suppose that normal paracontact metric manifold M™ is Weyl-
conformal flat, then from 7 we have

RXZ = g 200X - g(X.2)QY + 5. 2)X

s(2)v ) - {o2x gz}, an

T
(n—1)(n-—
for any X,Y,Z € I'(T'M). Taking Z = ¢ and making use of and , we have

n(X)Y — n(¥V)X =

s {imex - axer + - yumx

= - DOV | - X —gX0Y). (18)
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This implies that
-

(1+ J((X)Y —n(Y)X) +n(Y)QX —n(X)QY = 0.

n—1
It follows for Y =&,

QX = ~(n+ —Im(X)E+ (14 ~

r
-1
that is, the Weyl- projectively flat normal paracontact metric manifold is an 7-
Einstein. Thus we have

S(X,Y)=(1+

)X,

—)9(X,Y) = (n+ ) n(X)n(Y). (19)

From and , we have the following Proposition.

Proposition 2. A normal paracontact metric manifold M™(p,n,&,9) is an n-
FEinstein manifold if it is Weyl-projectively flat.

3. PSEUDOSYMMETRIC NORMAL PARACONTACT METRIC MANIFOLDS

In this section, we consider pseudosymmetric normal paracontact metric mani-

folds.

Theorem 2. If a normal paracontact metric manifold M™(¢,&,n, g) is pseudosym-
metric provided L # —1, then it is an n-Finstein manifold. Furthermore, it is a
semisymmetric if and only if it has a constant sectional curvature 1.

Proof. We suppose that n-dimensional normal paracontact metric manifold M™ is
pseudosymmetric. Then from , we have
(R(X,Y)-R)(U,V,Z) = LQ(9, R)(U,V, Z; X, Y),
for all X,Y,Z U,V € T(TM). Tt follows that
R(X,Y)R(U,V)Z - R(R(X,Y)UV)Z-R(U,RX,Y)YV)Z
- RWUV)R(X,Y)Z=—-L{R(X N, Y)U,V)Z
+ RU XN YIVVZ+RUVI XN Y)Z}. (20)
PuttingY = Z = ¢ in and by virtue of (9), we have
R(X,OR(U, V) — R(R(X,§U,V)E - R(U, R(X, V)¢
— R(U,V)R(X,§)¢ = —L{R(n(U)X — g(X,U)§, V)§
+ R(Un(V)X = g(X, V) + R(U,V)(X — n(X)8)}-
after necessary arrangements are made, we conclude
RUV)X +g(X,V)U — g¢g(X,U)V =L{g(X,U)V —g(X,V)U
+ 9(X,VmnU)E —g(X,Un(V)§ — R(U, V) X}.
if both sides of this expression are multiplied by W, we have
g(RU V)X, W) + g(X,V)g(U W) —g(X,U)g(V, W)
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= L{g(X,U)g(V,W) —g(X,V)g(U,W)
+  g(X, V)nU)n(W) — g(X,U)n(V)n(W)

- 9(RU V)X,

W)},

(21)

for all W € T'(T'M). Here replacing X =V =ej,e9,...,e-1,6, =& in for the
orthonormal basis of I'(T'M) and by means of Ricci tensor, we get

S(U, W)

+
_|_

(n = Dg(U,W) = L{(1 = n)g(U, W)
(n = Dn(U)n(W) = S(U, W)},

After the necessary arrangements are made, we conclude

S, Z)+(n—1)g9(U, Z) = L{(l —n)g(U, W) + (n = 1)n(U)n(W)

that is,

S(U,W)=(1-n)g(UW)+(n-1)

L+1

L@,

—S(U, W)},

If it is a semisymmetric, then L = 0 and takes form

R(U, V)X = g(X,U)V — g(X,V)U.

This tells us that M has a constant sectional curvature 1. Conversely, if it has a
constant sectional curvature 1, then we have

R(X,Y)R(U,V)Z — R(R(X,Y)U,V)Z — R(U,R(X,Y)V)Z

(R(X,Y)R)(U,V, 2)

= 9(Z,U{g(X, V)Y —g(Y,V)X} —g(V.Z){g(X,U)Y —g(Y,U)X}

9 X, UNRg(Y, 2)V —g(V, 2)Y} 4+ g(Y, UN{g(X, 2)V — g(V, Z) X}

= 9X,V){g(U, 2)Y —g(Y,Z2)U} + g(Y,V){g(U,2)X — g(X, Z)U}

9(X, Z2){g(U,Y)V —g(Y,V)U} + g(Y, Z2){g(U, X)V — g(V, X)U}

= 0.
This completes the proof. O
Now, we will calculate M (X,Y )¢ for later use. From — , we obtain

MXY)E = SX)Y =n(¥)X} + s (1(X)QY —n(Y)QX}. (23
MEY)Z = U2 —gV.2)6) - 5o (S0 2)6 = (2)QY) (24

R(U,V)R(X,Y)Z

R(X,Y){g(U,2)V —g(V, 2)U} = R(g(X, V)Y —g(Y,U)X,V)Z
RU,g(X, V)Y —g(Y,V)X)Z - R(U,V){g(X, 2)Y —g(Y, Z) X}



PSEUDOSYMMETRIC NORMAL PARACONTACT METRIC MANIFOLDS 1051

and
IMXY)Z) = G n(V)S(X. 2) = n(X)S(V.2))
£ )X, 2) ~ n(X)g(¥. 2)}, (25)
MEX)Y = ZI0X = g(X.Y)e} + g ()X
- S(X,Y)¢} (26)

Theorem 3. A normal paracontact metric manifold M™ satisfying M - R = 0 is
an Finstein manifold.

Proof. We suppose that (M(X,Y)-R)(U,V,Z) =0, forany X, Y, Z, U,V € T(TM).
This implies that
MX, Y)R(UV)Z — RBRWMX,Y)U,V)Z—-RUMX,Y)V)Z
— RUVIM(X,Y)Z=0. (27)
PuttingY =Z =¢ in , we obtain
MX,ORU,V)E — RM(X, U, V)E = R(U, M(X,§V)E
~ R(UV)M(X, )¢ = 0.
By using @ and , we conclude

1
—g(X, VU +

1
5 S(X.V)U + 5 R(U,V)X

2(n—1)

+ U V)QX =0. (28)

0
Taking the inner product with £, we reach
nU)S(X, V) + (n—1nU)g(X,V)+ (n—1){n(V)g(X,U)

— nU)g(X,V)} +n(V)S(X,U) —n(U)S(X,V)

= 0,
that is,

S(X,U)=(1—-n)g(X,U).

This proves our assertion. (]

Definition 1. A semi-Riemannian manifold (M, g) is said to be the mathcal M projective
pseudosymmetric if there exists a function L on M such that

where R and M denote the Riemannian and M- projectively curvature tensors of
M. If L =0, it also called the M-projectively semisymmetric.
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Theorem 4. An M-projective pseudosymmetric normal paracontact manifold
M"™(p,n,&,g) is an n-Einstein manifold.

Proof. Let us take M-projective pseudosymmetric normal paracontact manifold
M"™(p,n,&,g). From , @, we have
—L{M((X N YU V)Z + MU, (XN Y)V)Z+ MU, V)X Ay Y)Z}
= RX,YYM(U,V)Z - M(R(X,Y)U,V)Z
MU,RX, Y)V)Z-MU,V)R(X,Y)Z, (29)

for all X,Y,U,V,Z € T(TM). Setting X = Z = ¢ in (29), by using ([23)-(26), we
have

LYV — gV, VIU +g(V, ¥ )n(U)E — g(¥, Un(V)e]
1
2(n—1)

[g(Y,U)QV —g(Y,V)QU + g(Y, V)n(U)Q¢

gV U(VIQE ~ MU V)Y = LoV, D)V — g(¥. VU]

S VIS0 = nU)S(VYIE + (V. 0)QV

— n(V)g(Y,U)Q§ +n(U)g(Y,V)QE — g(Y,V)QU]
- MU, V)Y.

If both sides of this equality are multiplied by W and by means of definition of the
Ricci tensor, we obtain

_ L{;[g(Y, U)g(V,W) — g(Y,V)g(U W)+ g(V,Y )n(U)n(W)
1

- g, Un(V)n(W)] + =1

(Y, U)S(V, W) = g(Y,V)S(U,W)

+ gV, Vn(U)S(EW) — g(Y,U)n(V)S(E,W)] — g(M(U, V)Y, W)}

_ ! [g(Y,U)g(V.W) — g(Y,V)g(U,W)]

1

O |

s |1V S( D) = @) (V.Y v)

+ g
g(

1)
U)S
Y,

UD)SV,W) = n(V)g(Y.U)S(E W) + n(U)g(Y. V)S(E, W)
V)S(U, W)} —gMU, V)Y, W).
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Here taking trace boht of sides for Y =V = ¢;, for 1 <i < n, in the last equality,
(1

= {2[61‘9(61', U)gles, W) = eiglei,ei)g(U,W) + eiglei, e )n(U)n(W)
i=1

—e€ig(eq, Un(e)n(W)) leig(ei, U)S(ei, W) — eig(ei, e;)S(U, W)

1
2(n—1)
eig(ei, ei)n(U)S(§, W) — eig(es, U)n(e:)S(E, W)]

- E’Lg(M(U’ ei)eiaw)}
= > of flenten Vgtes W) - ciater o010

Sy (e e U)W) — cn() S eJn(V)

+ Eig<eia U>S(ei’ W) - 6in<ei)g(ei’ U)S(f, W)
+ en(U)glei,e))S(§, W) — eigles, e)S(U, W)]

- a(MU.e)e W), (30)
where ¢; is the signature {e;}. On the other hand, by direct calculations, we have

eig(M(Ua ei)eivw) - {TLS(U, W) - T'g(Ua W)}

2(n—1)
Making use of and after the necessary arrangements are revised, we get

—n)n—1)+7
2n —1

n(l—n)—r1
(2n—1)(1+4+1L)

sw.w) =1 oUW) + (U)W,

which proves the theorem. (I

Definition 2. A normal paracontact manifold M™(p,n,&, g) is said to be the Weyl-
pseudosymmetric if there exists a function L on M such that

where R and C denote the Riemannian and Weyl-conformal curvature tensors of
M. If L =0, then it also called the Weyl-semisymmetric.

Now, we consider the Weyl-conformal curvature tensor of M™ given by for
later use.

l—-n—r71

CX, V)¢ = (MM)(U(X)Y—W(Y)X)

b)Y —n(V)QX) (31)
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and
clexy = (G tg )mx - g(x.v)e)
+ o V)QX — S(X,V)E). (32)

Theorem 5. The Weyl-pseudosymmetric normal paracontact metric manifold
M"™(p,n,&,g) is an n-Einstein manifold.

Proof. Let M™(p,n,&, g) be the Weyl-pseudosymmetric, then there is a function L
such that

(R(X,Y)-C)U,V,Z) = LQ(g9,C)(U,V, Z; X, Y),
for all X,Y,U,V,Z € T'(T'M). This implies that
RX,Y)C(U,V)Z - CR(X,Y)UV)Z-C(URX,Y)V)Z

— C(UV)R(X,Y)Z = —L{C((X N YU V)Z

+ CU (X AGYI)V)Z 4+ C(U V)X A, Y)Z}. (33)

Here setting X = Z =¢ in , we have
R Y)CWU,V)E — CREY)U,V)E-CU REY)V)E

- QMVW@YMI{Q@MYWWK

T ﬂM@MYWK+ﬂMW@MYK} (34)

After the necessary calculations, we reach at
l-n—71
(n—1)(n-2)
L V)S(Y D)€~ n(U)S(V: Ve

g(Y, U)QV —n(V)g(Y,U)Q¢
n(U)g(Y,V)Q§ — g(Y,V)QU} — C(U, V)Y

_L{(nl—_l)n—(n_—Tz)(g(Y’ U)W — g(Y, VU — g(Y,U)n(V)¢

F g Ve + s (g(V,U)QV — g(¥,V)QU

= n(V)g(Y,U)Q¢ +n(U)g(Y,V)QE) — C(U,V)Y}. (35)
If both sides of the equality are multiplied by W, we obtain

{g(Y,U)V —g(Y,V)U}

+ + o+

l-n—71

m{g(K U)g(V,W)—g(Y,V)g(U W)}
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Putting YV

L n(V)S(Y, D)) — n(U)S(V, ¥ (W)

gV, 0)S(V, W) — n(V)g(Y.U)S(€, W)
n(U)g(Y, V)S(g? W) - g(Y7 V)S(VVv U)}

— gCW, V)Y, W)

—L{(nljlf—(;f?)(g(x U)g(V.W) — g(V.V)g(U, W)

— g, Un(V)n(W) + g(Y, V)n(U)n(W))

+ DS W) — gV, V)W)

— a(V)g(Y,U)S(E W) + n(U)g(Y, V)S(E, W)

~ eV}, (36)

=V =e,e2,...q_1,¢, =& in for the orthonormal basis of T'(T'M)

+ + 4

and taking into account definition of Ricci tensor, we have

+

n

% 2 {“‘{W“ U)gles W) — eiglei ei)g (U, W)}
=1

L fem(ed)S(en Un(W) — esn(U)S(er, (W)
eig(ei, U)S(ei, W) — eml(ei)gle;, U)S(E, W)
ein(U)g(ei,e)S(§ W) — eigles, e;)S(W,U)}
€.9(C(U, e;)e;, W)}

n

gy X {aten Ulgles W) - cgles e w)

eig(ei, Un(e)n(W) + eig(ei, ei)n(U)n(W))

—I{

i 2(eig(ez-, U)S(e;, W) — €;g(ei, ;) S(U, W)
ein(ei)g(ei, U)S(E W) +em(U)g(es, e)S(E W))
€;.9(C(U, e;)e;, W)}} (37)

By using and after the necessary abbreviations, implies that

T )g(U, W) = (n + ——)n(U)n(W).

SOUW) =01~ —— —

This proves our assertion. 0

Now, we will give an non-trivial example for illustration our results.
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Example 1. Let us the 5-dimensional manifold
M® = {(21, 22,73, 24,25) 1 2; € R, }

where (x;) denote the cartesian coordinate in R5 for 1 < i < 5. Then the vector
fields

0 0 9 0 L 0 9 0 . 0 9 0 L 0
—eg=—,e3=2090—+———,e4 =203 —+—,65 = 204 — +—
(3':171 2 81'2 3 28%1 (933’3 4 38561 3I4 b 4(91'1 (91’4
are linearly independent at each point of M®. By g, we denote the semi-Riemannian
metric tensor such that

€1 =

1, i1=5=13,4
gleie)) =4 -1 i=j=2)5
0; i#j
Let n be the 1-form defined by n(X) = g(X,e1) for all X € T'(TM). Now, we
definite the paracontact metric structure ¢ such that

per =0, pey = —e3, pe3 = —ez, Pe4 = —€5, Pe5 = —€4.
Then we can easily see that
n(es) =1, "X =X —n(X)E, es=¢
and
9(@X, oY) = —g(X,Y) + n(X)n(Y)
for oll X,Y € I(M) Thus M?>(p,n,€,9) defines an almost paracontact metric

manifold. By V, we denote the Levi-Civita connection on M. Then by direct
calculations, we have non-zero the components

lea, e3] = 2e1, [es,eq] = 2e1, [eq,e5] = —2e;.

Let V be the Levi-Civita connection on M. Using the properties of paracontact
metric structure and Kozsul formulae, we can observe the non-zero components

Veser = —e3 = pea, Veser = —eg = pe3, Veyer = —es = ey, Veser = —eq = pes

Thus one can easily verified

Vxer = ¢X,
for all X € T(TM) This tells us that M>(p,n,&,g) is a normal paracontact metric
manifold with paracontact metric structure (v,n,€,9). By straightforward calcu-
lations, we can easily see that mon-zero components of the Riemannian curvature
tensor R,
R(ei,el)el = —€;, 2 S ) S 5.

This tell us that
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R(X,Y)Z = g(X,2)Y — g(Y, 2)X,

for all X,Y,Z € T(TM), that is, M(cp,n,g,g) s real space form with constant
sectional curvature 1.
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