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Abstract 

 

In this paper, we implemented Auto-B𝑎̈cklund transformation for finding the travelling wave solutions of 

the complexly coupled KdV equations and the sixth order equation of the Burgers hierarchy. These 

solutions are hyperbolic function solutions and exponential function solutions. It was observed using the 

Mathematica program that these solutions provided the nonlinear partial differential equation and the 

nonlinear partial differential equation pair. Then, the solutions of these equations are compared with the 

solutions of the same equations obtained in the literature using other methods. As a result of the 

comparison, it was seen that some solutions are the same and some solutions are similar. The Auto- 

B𝑎̈cklund transformation used in this article is a powerful method for finding traveling wave solutions of 

nonlinear partial differential equations. 

 

Keywords: Auto-Bäcklund transformation, complexly coupled KdV equations, sixth order equation 
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1.Introduction 

 

Nonlinear partial differential equations (NPDEs) plays 

an important role in applied sciences. Some analytical 

methods for solving these equations exist in the 

literature [1-8]. Along with these methods, there are 

several methods of solving such equations by using an 

auxiliary equation. By using such methods, partial 

differential equations are converted to ordinary 

differential equations and the solutions of partial 

differential equations are found with the help of these 

ordinary differential equations. Some of these methods 

and their applications are given in [9-30]. 

We used the Auto- Bäcklund transformation for finding 

the travelling wave solutions of the complexly coupled 

KdV equations and the sixth order equation of the 

Burgers hierarchy. This method is presented in [7]. J. 

Liu et al. [28] obtained the exact solutions of complexly 

coupled KdV equations by using Jacobi elliptic function 

method. I.E. Inan and D. Kaya [25] reached exact 

solutions of complexly coupled KdV equations by 

means of using Generalized tanh function method. A.M. 

Wazwaz [17] achieved multiple kink solutions and 

multiple singular kink solutions of Burgers hierarchy 

equations through using Hirota bilinear method. I.E. 

Inan et al. [19] obtained solitary wave solutions of third 

order equation of Burgers hierarchy (Sharma-Tasso-

Olver equation) and solitary wave solutions of fourth 

order equation of Burgers hierarchy by using Auto- 

Bäcklund transformation.      

 

2. Analysis of  Method 
 

Let's introduce the method briefly.  Consider a general 

partial differential equation of two variables, 

 

𝑄(𝑢, 𝑢𝑡 , 𝑢𝑥, 𝑢𝑥𝑥 , … ) = 0.                                (2.1) 

 

We can express the solution of Eq.(1) as below,                                       

                                                                 

𝑢 =
𝜕𝑀

𝜕𝑥𝑀 𝑓(𝑤) + 𝑢0,                                          (2.2)                                                                                     

 

where 𝑀 is a positive integer is found as the result of 

balancing the highest order linear term and the highest 

order nonlinear term found in the equation. 𝑓 = 𝑓(𝑤) 

and 𝑤 = 𝑤(𝑥, 𝑡) are unknown functions, 𝑢 and 𝑢0 are 

two solutions of Eq.(2.1). Substituting (2.2) into (2.1), 

putting all terms of the highest degree of 𝑤𝑥 together. 
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And setting its coefficients to zero leads to an ordinary 

equation, from which 𝑓(𝑤) is obtained. Replace the 

nonlinear term of various derivatives of 𝑓(𝑤) in 

expression by the corresponding higher order 

derivatives of 𝑓(𝑤). Collecting all terms with 𝑓′, 𝑓′′, …, 
and setting their coefficients to zero respectively, we 

obtain a set of equations for 𝑤(𝑥, 𝑡) from which the 

compatability conditions on 𝑤 will be obtained [7]. 

 

3. Applications 

3.1 Application   

 

We consider complexly coupled KdV equations [28] 

 

𝑢𝑡 − 6𝑢𝑢𝑥 − 6𝑣𝑣𝑥 − 𝑢3𝑥 = 0,  
𝑣𝑡 − 6𝑢𝑣𝑥 − 6𝑣𝑢𝑥 − 𝑣3𝑥 = 0.                                     
(3.1)  
                                                                                   

In accordance with the idea of improved HB [7]. We 

investigate for Auto-B𝑎̈cklund transformation of 

Eq.(3.1). When balancing 𝑢𝑢𝑥 and 𝑣𝑣𝑥  with 𝑢𝑥𝑥𝑥 or 

𝑢𝑣𝑥 and 𝑣𝑢 with 𝑣𝑥𝑥𝑥  then gives 𝑀1 = 2 and  𝑀2 = 2. 

Hence, we can write 

        

𝑢 =
𝜕2

𝜕𝑥2 𝑓(𝑤) + 𝑢0 = 𝑓′′𝑤𝑥
2 + 𝑓′𝑤2𝑥 + 𝑢0, 

         

𝑣 =
𝜕2

𝜕𝑥2 𝑔(𝑤) + 𝑣0 = 𝑔′′𝑤𝑥
2 + 𝑔′𝑤2𝑥 + 𝑣0.  (3.2)                                                             

                                                                     

where 𝑓 = 𝑓(𝑤), 𝑔 = 𝑔(𝑤), 𝑤 = 𝑤(𝑥, 𝑡), 𝑢0 =
𝑢0(𝑥, 𝑡) and 𝑣0 = 𝑣0(𝑥, 𝑡). Here 𝑓 = 𝑓(𝑤), 𝑔 =
𝑔(𝑤) and 𝑤 = 𝑤(𝑥, 𝑡) are undetermined functions 

𝑢, 𝑢0, 𝑣 and 𝑣0 are four solutions of Eq.(3.1). 

Substituting (3.2)  into Eq.(3.1), we obtain 

 

𝑢𝑡 = 𝑓′′′𝑤𝑡𝑤𝑥
2 + 2𝑓′′𝑤𝑥𝑤𝑥𝑡 + 𝑓′′𝑤𝑡𝑤2𝑥 + 𝑓′𝑤2𝑥𝑡 +

(𝑢0)𝑡  

−6𝑢𝑢𝑥 = −6𝑓′′𝑓′′′𝑤𝑥
5 − 18(𝑓′′)2 𝑤𝑥

3𝑤2𝑥 −
6𝑓′𝑓′′𝑤𝑥

2𝑤3𝑥 − 6𝑓′′𝑤𝑥
2(𝑢0)𝑥 − 6𝑓′𝑓′′′𝑤𝑥

3𝑤2𝑥 −
18𝑓′𝑓′′𝑤𝑥𝑤2𝑥

2 − 6(𝑓′)2 𝑤2𝑥𝑤3𝑥 − 6𝑓′𝑤2𝑥(𝑢0)𝑥 −
6𝑓′′′𝑤𝑥

3𝑢0 − 18𝑓′′𝑤𝑥𝑤2𝑥𝑢0 − 6𝑓′𝑤3𝑥𝑢0 − 6𝑢0(𝑢0)𝑥  

−6𝑣𝑣𝑥 = 6𝑔′′𝑔′′′𝑤𝑥
5 − 18(𝑔′′)2 𝑤𝑥

3𝑤2𝑥 −
6𝑔′𝑔′′𝑤𝑥

2𝑤3𝑥 − 6𝑔′′𝑤𝑥
2(𝑣0)𝑥 − 6𝑔′𝑔′′′𝑤𝑥

3𝑤2𝑥 −
18𝑔′𝑔′′𝑤𝑥𝑤2𝑥

2 − 6(𝑔′)2 𝑤2𝑥𝑤3𝑥 − 6𝑔′𝑤2𝑥(𝑣0)𝑥 −
6𝑔′′′𝑤𝑥

3𝑣0 − 18𝑔′′𝑤𝑥𝑤2𝑥𝑣0 − 6𝑔′𝑤3𝑥𝑣0 − 6𝑣0(𝑣0)𝑥  

−𝑢3𝑥 = −𝑓(5)𝑤𝑥
5 − 10𝑓(4)𝑤𝑥

3𝑤2𝑥 − 15𝑓′′′𝑤𝑥𝑤2𝑥
2 −

10𝑓′′′𝑤𝑥
2𝑤3𝑥 − 10𝑓′′𝑤2𝑥𝑤3𝑥 − 5𝑓′′𝑤𝑥𝑤4𝑥 − 𝑓′𝑤5𝑥 −

(𝑢0)3𝑥 = 0.                                                                                                         
 

and 

 

𝑣𝑡 = 𝑔′′′𝑤𝑡𝑤𝑥
2 + 2𝑔′′𝑤𝑥𝑤𝑥𝑡 + 𝑔′′𝑤𝑡𝑤2𝑥 + 𝑔′𝑤2𝑥𝑡 +

(𝑣0)𝑡  

−6𝑢𝑣𝑥 = −6𝑓′′𝑔′′′𝑤𝑥
5 − 18𝑓′′𝑔′′ 𝑤𝑥

3𝑤2𝑥 −
6𝑓′′𝑔′𝑤𝑥

2𝑤3𝑥 − 6𝑓′′𝑤𝑥
2(𝑣0)𝑥 − 6𝑓′𝑔′′′𝑤𝑥

3𝑤2𝑥 −
18𝑓′𝑔′′𝑤𝑥𝑤2𝑥

2 − 6𝑓′𝑔′ 𝑤2𝑥𝑤3𝑥 − 6𝑓′𝑤2𝑥(𝑣0)𝑥 −
6𝑔′′′𝑤𝑥

3𝑢0 − 18𝑔′′𝑤𝑥𝑤2𝑥𝑢0 − 6𝑔′𝑤3𝑥𝑢0 − 6𝑢0(𝑣0)𝑥  

−6𝑣𝑢𝑥 = −6𝑔′′𝑓′′′𝑤𝑥
5 − 18𝑔′′𝑓′′ 𝑤𝑥

3𝑤2𝑥 −
6𝑔′′𝑓′𝑤𝑥

2𝑤3𝑥 − 6𝑔′′𝑤𝑥
2(𝑢0)𝑥 − 6𝑔′𝑓′′′𝑤𝑥

3𝑤2𝑥 −
18𝑔′𝑓′′𝑤𝑥𝑤2𝑥

2 − 6𝑔′𝑓′ 𝑤2𝑥𝑤3𝑥 − 6𝑔′𝑤2𝑥(𝑢0)𝑥 −
6𝑓′′′𝑤𝑥

3𝑣0 − 18𝑓′′𝑤𝑥𝑤2𝑥𝑣0 − 6𝑓′𝑤3𝑥𝑣0 − 6𝑣0(𝑢0)𝑥  

−𝑣3𝑥 = −𝑔(5)𝑤𝑥
5 − 10𝑔(4)𝑤𝑥

3𝑤2𝑥 − 15𝑔′′′𝑤𝑥𝑤2𝑥
2 −

10𝑔′′′𝑤𝑥
2𝑤3𝑥 − 10𝑔′′𝑤2𝑥𝑤3𝑥 − 5𝑔′′𝑤𝑥𝑤4𝑥 − 𝑔′𝑤5𝑥 −

(𝑣0)3𝑥 = 0.                                                                                                          
 

and 

 

(−6𝑓′′𝑓′′′ − 6𝑔′′𝑔′′′ − 𝑓(5))𝑤𝑥
5 +

(−18(𝑓′′)2 𝑤𝑥
3𝑤2𝑥 − 6𝑓′𝑓′′′𝑤𝑥

3𝑤2𝑥 −

18(𝑔′′)2 𝑤𝑥
3𝑤2𝑥 − 6𝑔′𝑔′′′𝑤𝑥

3𝑤2𝑥 − 10𝑓(4)𝑤𝑥
3𝑤2𝑥) +

(𝑓′′′𝑤𝑡𝑤𝑥
2 − 6𝑓′𝑓′′𝑤𝑥

2𝑤3𝑥 − 18𝑓′𝑓′′𝑤𝑥𝑤2𝑥
2 −

6𝑓′′′𝑤𝑥
3𝑢0 − 6𝑔′𝑔′′𝑤𝑥

2𝑤3𝑥 − 18𝑔′𝑔′′𝑤𝑥𝑤2𝑥
2 −

6𝑔′′′𝑤𝑥
3𝑣0 − 15𝑓′′′𝑤𝑥𝑤2𝑥

2 − 10𝑓′′′𝑤𝑥
2𝑤3𝑥) +

(2𝑓′′𝑤𝑥𝑤𝑥𝑡 + 𝑓′′𝑤𝑡𝑤2𝑥 − 6𝑓′′𝑤𝑥
2(𝑢0)𝑥 −

6(𝑓′)2 𝑤2𝑥𝑤3𝑥 − 18𝑓′′𝑤𝑥𝑤2𝑥𝑢0 − 6𝑔′′𝑤𝑥
2(𝑣0)𝑥 −

6(𝑔′)2 𝑤2𝑥𝑤3𝑥 − 18𝑔′′𝑤𝑥𝑤2𝑥𝑣0 − 10𝑓′′𝑤2𝑥𝑤3𝑥 −
5𝑓′′𝑤𝑥𝑤4𝑥) +
(𝑓′𝑤2𝑥𝑡 − 6𝑓′𝑤2𝑥(𝑢0)𝑥 − 6𝑔′𝑤2𝑥(𝑣0)𝑥 − 6𝑓′𝑤3𝑥𝑢0 −
6𝑔′𝑤3𝑥𝑣0 − 𝑓′𝑤5𝑥) = 0.                                         (3.3)  

 

(−6𝑓′′𝑔′′′ − 6𝑔′′𝑓′′′ − 𝑔(5))𝑤𝑥
5 +

(−18𝑓′′𝑔′′ 𝑤𝑥
3𝑤2𝑥 − 6𝑓′𝑔′′′𝑤𝑥

3𝑤2𝑥 −

18𝑔′′𝑓′′ 𝑤𝑥
3𝑤2𝑥 − 6𝑔′𝑓′′′𝑤𝑥

3𝑤2𝑥 − 10𝑔(4)𝑤𝑥
3𝑤2𝑥) +

(𝑔′′′𝑤𝑡𝑤𝑥
2 − 6𝑓′′𝑔′𝑤𝑥

2𝑤3𝑥 − 18𝑓′𝑔′′𝑤𝑥𝑤2𝑥
2 −

6𝑔′′′𝑤𝑥
3𝑢0 − 6𝑔′′𝑓′𝑤𝑥

2𝑤3𝑥 − 18𝑔′𝑓′′𝑤𝑥𝑤2𝑥
2 −

6𝑓′′′𝑤𝑥
3𝑣0 − 15𝑔′′′𝑤𝑥𝑤2𝑥

2 − 10𝑔′′′𝑤𝑥
2𝑤3𝑥) +

(2𝑔′′𝑤𝑥𝑤𝑥𝑡 + 𝑔′′𝑤𝑡𝑤2𝑥 − 6𝑓′′𝑤𝑥
2(𝑣0)𝑥 −

6𝑓′𝑔′ 𝑤2𝑥𝑤3𝑥 − 18𝑔′′𝑤𝑥𝑤2𝑥𝑢0 − 6𝑔′′𝑤𝑥
2(𝑢0)𝑥 −

6𝑔′𝑓′ 𝑤2𝑥𝑤3𝑥 − 18𝑓′′𝑤𝑥𝑤2𝑥𝑣0 − 10𝑔′′𝑤2𝑥𝑤3𝑥 −
5𝑔′′𝑤𝑥𝑤4𝑥) +
(𝑔′𝑤2𝑥𝑡 − 6𝑓′𝑤2𝑥(𝑣0)𝑥 − 6𝑔′𝑤2𝑥(𝑢0)𝑥 − 6𝑓′𝑤3𝑥𝑣0 −
6𝑔′𝑤3𝑥𝑢0 − 𝑔′𝑤5𝑥) = 0.                                       (3.4)                      

                                                                                                                     

Setting the coefficients of 𝑤𝑥
5 in (3.3) and (3.4) to zero 

respectively, we obtain a set of ordinary differential 

equations 

 

−6𝑓′′𝑓′′′ − 6𝑔′′𝑔′′′ − 𝑓(5) = 0,    

−6𝑓′′𝑔′′′ − 6𝑔′′𝑓′′′ − 𝑔(5) = 0, 
 

which have solutions 

 

𝑓 = 𝑔 = 𝑙𝑛𝑤,                            (3.5)   
                                                                                                  

there by from (7) it holds that 

 

𝑓′ = 𝑔′,   
𝑓′𝑔′ = (𝑓′)2 = −𝑓′′ = (𝑔′)2, 𝑓′′ = 𝑔′′,                                                                                            

𝑓′𝑓′′ = −
1

2
𝑓′′′ = 𝑔′𝑔′′ = 𝑓′′𝑔′ = 𝑓′𝑔′′, 𝑓′′′ = 𝑔′′′,  

(𝑓′′)2 = −
1

6
𝑓(4) = (𝑔′′)2 = 𝑓′′𝑔′′ , 𝑓′𝑓′′′ = −

1

3
𝑓(4) =

𝑔′𝑔′′′ = 𝑓′𝑔′′′ = 𝑔′𝑓′′′, 𝑓(4) = 𝑔(4).                    (3.6)           
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By using (3.3), (3.4) and (3.6) can be written as the sum 

of some terms with 𝑓′ and 𝑓′′ setting their coefficients 

to zero will lead to  

 

𝑤𝑥(𝑤𝑡𝑤𝑥 − 4𝑤𝑥𝑤3𝑥 + 3𝑤2𝑥
2 − 6𝑤𝑥

2𝑢0 − 6𝑤𝑥
2𝑣0) = 0,  

𝜕

𝜕𝑥
(𝑤𝑡𝑤𝑥 − 4𝑤𝑥𝑤3𝑥 + 3𝑤2𝑥

2 − 6𝑤𝑥
2𝑢0 − 6𝑤𝑥

2𝑣0) +

𝑤𝑥(𝑤𝑥𝑡 − 6𝑤2𝑥𝑢0 − 6𝑤2𝑥𝑣0 − 𝑤4𝑥) = 0,  
𝜕

𝜕𝑥
(𝑤𝑥𝑡 − 6𝑤2𝑥𝑢0 − 6𝑤2𝑥𝑣0 − 𝑤4𝑥) = 0.  

 

and 

 

𝑤𝑥(𝑤𝑡𝑤𝑥 − 4𝑤𝑥𝑤3𝑥 + 3𝑤2𝑥
2 − 6𝑤𝑥

2𝑢0 − 6𝑤𝑥
2𝑣0) = 0,  

𝜕

𝜕𝑥
(𝑤𝑡𝑤𝑥 − 4𝑤𝑥𝑤3𝑥 + 3𝑤2𝑥

2 − 6𝑤𝑥
2𝑢0 − 6𝑤𝑥

2𝑣0) +

𝑤𝑥(𝑤𝑥𝑡 − 6𝑤2𝑥𝑢0 − 6𝑤2𝑥𝑣0 − 𝑤4𝑥) = 0,  
𝜕

𝜕𝑥
(𝑤𝑥𝑡 − 6𝑤2𝑥𝑢0 − 6𝑤2𝑥𝑣0 − 𝑤4𝑥) = 0.  

 

Above equations are satisfied provided that 

 

𝑤𝑡𝑤𝑥 − 4𝑤𝑥𝑤3𝑥 + 3𝑤2𝑥
2 − 6𝑤𝑥

2𝑢0 − 6𝑤𝑥
2𝑣0 = 0, (3.7)   

                                                     

𝑤𝑥𝑡 − 6𝑤2𝑥𝑢0 − 6𝑤2𝑥𝑣0 − 𝑤4𝑥 = 0.                     (3.8)    

                                                                              

From (3.2) and (3.5), we obtain B𝑎̈cklund 

transformation of Eq.(2.1)  

 

 𝑢 =
𝜕2

𝜕𝑥2 𝑙𝑛𝑤 + 𝑢0, 𝑣 =
𝜕2

𝜕𝑥2 𝑙𝑛𝑤 + 𝑣0,                   (3.9)  

                                                                  

where 𝑤 satisfying (3.7) and (3.8). We take initial 

solutions of Eq.(2.1) as 𝑢0 = 𝑣0 = 0, 
then (3.7),(3.8) and (3.9) respectively reduce to 

 

𝑤𝑡𝑤𝑥 − 4𝑤𝑥𝑤3𝑥 + 3𝑤2𝑥
2 = 0,                                (3.10)   

                                                                            

𝑤𝑥𝑡 − 𝑤4𝑥 = 0.                            (3.11)                                     

           

𝑢 =
𝜕2

𝜕𝑥2 𝑙𝑛𝑤, 𝑣 =
𝜕2

𝜕𝑥2 𝑙𝑛𝑤.                     (3.12) 

                                                                                          

Specially, we take a solution of (3.10) and (3.11) 

 

𝑤 = 1 + 𝑒𝑐(𝑥+𝑐2𝑡).                                      (3.13) 
 

Then, solutions of Eq.(3.1) can be written by using 

Eq.(3.12) as following 

 

𝑢(𝑥, 𝑡) = 𝑣1(𝑥, 𝑡) =
𝑐2ⅇ𝑐(𝑥+𝑐2𝑡)

(1+ⅇ𝑐(𝑥+𝑐2𝑡))
2 ,                   (3.14)       

            

or 

 

𝑢(𝑥, 𝑡) = 𝑣2(𝑥, 𝑡) =
𝑐2

4
𝑆𝑒𝑐ℎ2[

𝑐

2
(𝑥 + 𝑐2𝑡)].          (3.15)

           

where 𝑐 is arbitrary constant.  

 

3.2 Application   

 

The sixth order equation of the Burgers hierarchy  is as 

follows [17] 

 

𝑢𝑡 + 𝑢6𝑥 + 21𝑢𝑥𝑢4𝑥 + 35𝑢2𝑥𝑢3𝑥 + 6𝑢𝑢5𝑥 +
15𝑢2𝑢4𝑥 + 90𝑢𝑢𝑥𝑢3𝑥 + 60𝑢𝑢2𝑥

2 + 105𝑢2𝑥𝑢𝑥
2 +

20𝑢3𝑢3𝑥 + 150𝑢2𝑢𝑥𝑢2𝑥 + 90𝑢𝑢𝑥
3 + 15𝑢4𝑢2𝑥 +

60𝑢3𝑢𝑥
2 + 6𝑢5𝑢𝑥 = 0.                      (3.16) 

 

In accordance with the idea of improved HB [7]. We 

investigate for B𝑎̈cklund transformation of Eq.(3.16). 

When balancing 𝑢2𝑥𝑢3𝑥 with 𝑢6𝑥 then gives 𝑀 = 1. 
Hence, we can write 

 

𝑢 =
𝜕

𝜕𝑥
𝑓(𝑤) + 𝑢0 = 𝑓′𝑤𝑥 + 𝑢0,                           (3.17) 

 

where 𝑓 = 𝑓(𝑤), 𝑤 = 𝑤(𝑥, 𝑡), 𝑢0 = 𝑢0(𝑥, 𝑡) . Here 

𝑓 = 𝑓(𝑤) and 𝑤 = 𝑤(𝑥, 𝑡) are undetermined functions, 

𝑢 and 𝑢0 are two solutions of Eq.(3.16). Substituting 

(3.17)  into Eq.(3.16) we obtain 

 

𝑢𝑡 = 𝑓′′𝑤𝑡𝑤𝑥 + 𝑓′𝑤𝑥𝑡 + (𝑢0)𝑡   

𝑢6𝑥 = 𝑓(7)𝑤𝑥
7 + 21𝑓(6)𝑤𝑥

5𝑤2𝑥 + 105𝑓(5)𝑤𝑥
3𝑤2𝑥

2 +

35𝑓(5)𝑤𝑥
4𝑤3𝑥 + 105𝑓(4)𝑤𝑥𝑤2𝑥

3 +

210𝑓(4)𝑤𝑥
2𝑤2𝑥𝑤3𝑥 + 35𝑓(4)𝑤𝑥

3𝑤4𝑥 +
105𝑓′′′𝑤2𝑥

2 𝑤3𝑥 + 70𝑓′′′𝑤𝑥𝑤3𝑥
2 + 105𝑓′′′𝑤𝑥𝑤2𝑥𝑤4𝑥 +

21𝑓′′′𝑤𝑥
2𝑤5𝑥 + 35𝑓′′𝑤3𝑥𝑤4𝑥 + 21𝑓′′𝑤2𝑥𝑤5𝑥 +

7𝑓′′𝑤𝑥𝑤6𝑥 + 𝑓′𝑤7𝑥 + (𝑢0)6𝑥       

21𝑢𝑥𝑢4𝑥 = 21𝑓(5)𝑤𝑥
5(𝑢0)𝑥 + 210𝑓(4)𝑤𝑥

3𝑤2𝑥(𝑢0)𝑥 +

21(𝑢0)𝑥(𝑢0)4𝑥 + 21𝑓(5)𝑓′𝑤𝑥
5𝑤2𝑥 +

210𝑓(4)𝑓′𝑤𝑥
3𝑤2𝑥

2 + 21𝑓′𝑤5𝑥(𝑢0)𝑥 + 21𝑓′𝑤2𝑥(𝑢0)4𝑥 +

21(𝑓′)2𝑤2𝑥𝑤5𝑥 + 21𝑓(5)𝑓′′𝑤𝑥
7 + 210𝑓(4)𝑓′′𝑤𝑥

5𝑤2𝑥 +
210𝑓′′𝑤2𝑥𝑤3𝑥(𝑢0)𝑥 + 105𝑓′′𝑤𝑥𝑤4𝑥(𝑢0)𝑥 +
21𝑓′′𝑤𝑥

2(𝑢0)4𝑥 + 210𝑓′𝑓′′𝑤2𝑥
2 𝑤3𝑥 +

105𝑓′𝑓′′𝑤𝑥𝑤2𝑥𝑤4𝑥 + 21𝑓′𝑓′′𝑤𝑥
2𝑤5𝑥 +

210(𝑓′′)2𝑤𝑥
2𝑤2𝑥𝑤3𝑥 + 105(𝑓′′)2𝑤𝑥

3𝑤4𝑥 +
315𝑓′′′𝑤𝑥𝑤2𝑥

2 (𝑢0)𝑥 + 210𝑓′′′𝑤𝑥
2𝑤3𝑥(𝑢0)𝑥 +

315𝑓′𝑓′′′𝑤𝑥𝑤2𝑥
3 + 210𝑓′𝑓′′′𝑤𝑥

2𝑤2𝑥𝑤3𝑥 +
315𝑓′′𝑓′′′𝑤𝑥

3𝑤2𝑥
2 + 210𝑓′′𝑓′′′𝑤𝑥

4𝑤3𝑥   

35𝑢2𝑥𝑢3𝑥 = 35𝑓(4)𝑤𝑥
4(𝑢0)𝑥𝑥 + 35(𝑢0)2𝑥(𝑢0)3𝑥 +

35𝑓(4)𝑓′𝑤𝑥
4𝑤3𝑥 + 35𝑓′𝑤3𝑥(𝑢0)3𝑥 + 35𝑓′𝑤4𝑥(𝑢0)2𝑥 +

35(𝑓′)2𝑤3𝑥𝑤4𝑥 + 105𝑓(4)𝑓′′𝑤𝑥
5𝑤2𝑥 +

105𝑓′′𝑤𝑥𝑤2𝑥(𝑢0)3𝑥 + 105𝑓′′𝑤2𝑥
2 (𝑢0)2𝑥 +

140𝑓′′𝑤𝑥𝑤3𝑥(𝑢0)2𝑥 + 105𝑓′𝑓′′𝑤2𝑥
2 𝑤3𝑥 +

140𝑓′𝑓′′𝑤𝑥𝑤3𝑥
2 + 105𝑓′𝑓′′𝑤𝑥𝑤2𝑥𝑤4𝑥 +

315(𝑓′′)2𝑤𝑥𝑤2𝑥
3 + 420(𝑓′′)2𝑤𝑥

2𝑤2𝑥𝑤3𝑥 +

35𝑓(4)𝑓′′′𝑤𝑥
7 + 35𝑓′′′𝑤𝑥

3(𝑢0)3𝑥 +
210𝑓′′′𝑤𝑥

2𝑤2𝑥(𝑢0)2𝑥 + 210𝑓′𝑓′′′𝑤𝑥
2𝑤2𝑥𝑤3𝑥 +

35𝑓′𝑓′′′𝑤𝑥
3𝑤4𝑥 + 735𝑓′′𝑓′′′𝑤𝑥

3𝑤2𝑥
2 +

140𝑓′′𝑓′′′𝑤𝑥
4𝑤3𝑥 + 210(𝑓′′′)2𝑤𝑥

5𝑤2𝑥    

6𝑢𝑢5𝑥 = 6𝑓(6)𝑤𝑥
6𝑢0 + 90𝑓(5)𝑤𝑥

4𝑤2𝑥𝑢0 +

270𝑓(4)𝑤𝑥
2𝑤2𝑥

2 𝑢0 + 120𝑓(4)𝑤𝑥
3𝑤3𝑥𝑢0 + 6𝑢0(𝑢0)5𝑥 +

60𝑓′′𝑤3𝑥
2 𝑢0 +  +90𝑓′′𝑤2𝑥𝑤4𝑥𝑢0 + 36𝑓′′𝑤𝑥𝑤5𝑥𝑢0 +

6𝑓(6)𝑓′𝑤𝑥
7 + 90𝑓(5)𝑓′𝑤𝑥

5𝑤2𝑥 + 270𝑓(4)𝑓′𝑤𝑥
3𝑤2𝑥

2 +
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120𝑓(4)𝑓′𝑤𝑥
4𝑤3𝑥 + 6𝑓′𝑤6𝑥𝑢0 + 6𝑓′𝑤𝑥(𝑢0)5𝑥 +

60𝑓′𝑓′′𝑤𝑥𝑤3𝑥
2 + 6(𝑓′)2𝑤𝑥𝑤6𝑥 + 90𝑓′𝑓′′𝑤𝑥𝑤2𝑥𝑤4𝑥 +

36𝑓′𝑓′′𝑤𝑥
2𝑤5𝑥 + 90𝑓′′′𝑤2𝑥

3 𝑢0 +
360𝑓′′′𝑤𝑥𝑤2𝑥𝑤3𝑥𝑢0 + 90𝑓′′′𝑤𝑥

2𝑤4𝑥𝑢0 +
90𝑓′𝑓′′′𝑤𝑥𝑤2𝑥

3 + 360𝑓′𝑓′′′𝑤𝑥
2𝑤2𝑥𝑤3𝑥 +

90𝑓′𝑓′′′𝑤𝑥
3𝑤4𝑥   

15𝑢2𝑢4𝑥 = 15𝑓(5)𝑤𝑥
5(𝑢0

2) + 150𝑓(4)𝑤𝑥
3𝑤2𝑥(𝑢0

2) +

15(𝑢0
2)(𝑢0)4𝑥 + 30𝑓(5)𝑓′𝑤𝑥

6𝑢0 +

300𝑓(4)𝑓′𝑤𝑥
4𝑤2𝑥𝑢0 + 15𝑓′𝑤5𝑥(𝑢0

2) +

30𝑓′𝑤𝑥𝑢0(𝑢0)4𝑥 + 15𝑓(5)(𝑓′)2𝑤𝑥
7 +

150𝑓(4)(𝑓′)2𝑤𝑥
5𝑤2𝑥 + 30(𝑓′)2𝑤𝑥𝑤5𝑥𝑢0 +

15(𝑓′)2𝑤𝑥
2(𝑢0)4𝑥 + 15(𝑓′)3𝑤𝑥

2𝑤5𝑥 +
150𝑓′′𝑤2𝑥𝑤3𝑥𝑢0

2 + 75𝑓′′𝑤𝑥𝑤4𝑥𝑢0
2 +

300𝑓′𝑓′′𝑤𝑥𝑤2𝑥𝑤3𝑥𝑢0 + 150𝑓′𝑓′′𝑤𝑥
2𝑤4𝑥𝑢0 +

150(𝑓′)2𝑓′′𝑤𝑥
2𝑤2𝑥𝑤3𝑥 + 75(𝑓′)2𝑓′′𝑤𝑥

3𝑤4𝑥 +
225𝑓′′′𝑤𝑥𝑤2𝑥

2 𝑢0
2 + 150𝑓′′′𝑤𝑥

2𝑤3𝑥𝑢0
2 +

450𝑓′𝑓′′′𝑤𝑥
2𝑤2𝑥

2 𝑢0 + 300𝑓′𝑓′′′𝑤𝑥
3𝑤3𝑥𝑢0 +

225(𝑓′)2𝑓′′′𝑤𝑥
3𝑤2𝑥

2 + 150(𝑓′)2𝑓′′′𝑤𝑥
4𝑤3𝑥   

90𝑢𝑢𝑥𝑢3𝑥 = 90𝑓(4)𝑤𝑥
4𝑢0(𝑢0)𝑥 + 90𝑢0(𝑢0)𝑥(𝑢0)3𝑥 +

90𝑓(4)𝑓′𝑤𝑥
4𝑤2𝑥𝑢0 + 90𝑓(4)𝑓′𝑤𝑥

5(𝑢0)𝑥 +
90𝑓′𝑤4𝑥𝑢0(𝑢0)𝑥 + 90𝑓′𝑤2𝑥𝑢0(𝑢0)3𝑥 +

90𝑓′𝑤𝑥(𝑢0)𝑥(𝑢0)3𝑥 + 90𝑓(4)(𝑓′)2𝑤𝑥
5𝑤2𝑥 +

90(𝑓′)2𝑤2𝑥𝑤4𝑥𝑢0 + 90(𝑓′)2𝑤𝑥𝑤4𝑥(𝑢0)𝑥 +
90(𝑓′)2𝑤𝑥𝑤2𝑥(𝑢0)3𝑥 + 90(𝑓′)3𝑤𝑥𝑤2𝑥𝑤4𝑥 +

90𝑓(4)𝑓′′𝑤𝑥
6𝑢0 + 270𝑓′′𝑤2𝑥

2 𝑢0(𝑢0)𝑥 +
360𝑓′′𝑤𝑥𝑤3𝑥𝑢0(𝑢0)𝑥 + 90𝑓′′𝑤𝑥

2𝑢0(𝑢0)3𝑥 +

90𝑓(4)𝑓′𝑓′′𝑤𝑥
7 + 270𝑓′𝑓′′𝑤2𝑥

3 𝑢0 +
360𝑓′𝑓′′𝑤𝑥𝑤2𝑥𝑤3𝑥𝑢0 + 90𝑓′𝑓′′𝑤𝑥

2𝑤4𝑥𝑢0 +
270𝑓′𝑓′′𝑤𝑥𝑤2𝑥

2 (𝑢0)𝑥 + 360𝑓′𝑓′′𝑤𝑥
2𝑤3𝑥(𝑢0)𝑥 +

90𝑓′𝑓′′𝑤𝑥
3(𝑢0)3𝑥 + 270(𝑓′)2𝑓′′𝑤𝑥𝑤2𝑥

3 +
360(𝑓′)2𝑓′′𝑤𝑥

2𝑤2𝑥𝑤3𝑥 + 90(𝑓′)2𝑓′′𝑤𝑥
3𝑤4𝑥 +

270(𝑓′′)2𝑤𝑥
2𝑤2𝑥

2 𝑢0 + 360(𝑓′′)2𝑤𝑥
3𝑤3𝑥𝑢0 +

270𝑓′(𝑓′′)2𝑤𝑥
3𝑤2𝑥

2 + 360𝑓′(𝑓′′)2𝑤𝑥
4𝑤3𝑥 +

540𝑓′′′𝑤𝑥
2𝑤2𝑥𝑢0(𝑢0)𝑥 + 540𝑓′𝑓′′′𝑤𝑥

2𝑤2𝑥
2 𝑢0 +

540𝑓′𝑓′′′𝑤𝑥
3𝑤2𝑥(𝑢0)𝑥 + 540(𝑓′)2𝑓′′′𝑤𝑥

3𝑤2𝑥
2 +

540𝑓′′𝑓′′′𝑤𝑥
4𝑤2𝑥𝑢0 + 540𝑓′𝑓′′𝑓′′′𝑤𝑥

5𝑤2𝑥   

60𝑢𝑢2𝑥
2 = 60𝑢0(𝑢0)2𝑥

2 + 120𝑓′𝑤3𝑥𝑢0(𝑢0)2𝑥 +
60𝑓′𝑤𝑥(𝑢0)2𝑥

2 + 60(𝑓′)2𝑤3𝑥
2 𝑢0 +

120(𝑓′)2𝑤𝑥𝑤3𝑥(𝑢0)2𝑥 + 60(𝑓′)3𝑤𝑥𝑤3𝑥
2 +

360𝑓′′𝑤𝑥𝑤2𝑥𝑢0(𝑢0)2𝑥 + 360𝑓′𝑓′′𝑤𝑥𝑤2𝑥𝑤3𝑥𝑢0 +
360𝑓′𝑓′′𝑤𝑥

2𝑤2𝑥(𝑢0)2𝑥 + 360(𝑓′)2𝑓′′𝑤𝑥
2𝑤2𝑥𝑤3𝑥 +

540(𝑓′′)2𝑤𝑥
2𝑤2𝑥

2 𝑢0 + 540𝑓′(𝑓′′)2𝑤𝑥
3𝑤2𝑥

2 +
120𝑓′′′𝑤𝑥

3𝑢0(𝑢0)2𝑥 + 120𝑓′𝑓′′′𝑤𝑥
3𝑤3𝑥𝑢0 +

120𝑓′𝑓′′′𝑤𝑥
4(𝑢0)2𝑥 + 120(𝑓′)2𝑓′′′𝑤𝑥

4𝑤3𝑥 +
360𝑓′′𝑓′′′𝑤𝑥

4𝑤2𝑥𝑢0 + 360𝑓′𝑓′′𝑓′′′𝑤𝑥
5𝑤2𝑥 +

60(𝑓′′′)2𝑤𝑥
6𝑢0 + 60(𝑓′′′)2𝑓′𝑤𝑥

4  

105𝑢2𝑥𝑢𝑥
2 = 105(𝑢0)𝑥

2(𝑢0)2𝑥 + 105𝑓′𝑤3𝑥(𝑢0)𝑥
2 +

210𝑓′𝑤2𝑥(𝑢0)𝑥(𝑢0)2𝑥 + 210(𝑓′)2𝑤2𝑥𝑤3𝑥(𝑢0)𝑥 +
105(𝑓′)2𝑤2𝑥

2 (𝑢0)2𝑥 + 105(𝑓′)3𝑤2𝑥
2 𝑤3𝑥 +

315𝑓′′𝑤𝑥𝑤2𝑥(𝑢0)𝑥
2 + 210𝑓′′𝑤𝑥

2(𝑢0)𝑥(𝑢0)2𝑥 +
630𝑓′𝑓′′𝑤𝑥𝑤2𝑥

2 (𝑢0)𝑥 + 210𝑓′𝑓′′𝑤𝑥
2𝑤3𝑥(𝑢0)𝑥 +

210𝑓′𝑓′′𝑤𝑥
2𝑤2𝑥(𝑢0)2𝑥 + 315(𝑓′)2𝑓′′𝑤𝑥𝑤2𝑥

3 +
210(𝑓′)2𝑓′′𝑤𝑥

2𝑤2𝑥𝑤3𝑥 + 630(𝑓′′)2𝑤𝑥
3𝑤2𝑥(𝑢0)𝑥 +

105(𝑓′′)2𝑤𝑥
4(𝑢0)2𝑥 + 630𝑓′(𝑓′′)2𝑤𝑥

3𝑤2𝑥
2 +

105𝑓′(𝑓′′)2𝑤𝑥
4𝑤3𝑥 + 315(𝑓′′)3𝑤𝑥

5𝑤2𝑥 +
105𝑓′′′𝑤𝑥

3(𝑢0)𝑥
2 + 210𝑓′𝑓′′′𝑤𝑥

3𝑤2𝑥(𝑢0)𝑥 +

105(𝑓′)2𝑓′′′𝑤𝑥
3𝑤2𝑥

2 + 210𝑓′′𝑓′′′𝑤𝑥
5(𝑢0)𝑥 +

210𝑓′𝑓′′𝑓′′′𝑤𝑥
5𝑤2𝑥 + 105(𝑓′′)2𝑓′′′𝑤𝑥

7  

20𝑢3𝑢3𝑥 = 20𝑓(4)𝑤𝑥
4𝑢0

3 + 20𝑢0
3(𝑢0)3𝑥 +

60𝑓(4)𝑓′𝑤𝑥
5𝑢0

2 + 20𝑓′𝑤4𝑥𝑢0
3 + 60𝑓′𝑤𝑥𝑢0

2(𝑢0)3𝑥 +

60𝑓(4)(𝑓′)2𝑤𝑥
6𝑢0 + 60(𝑓′)2𝑤𝑥𝑤4𝑥𝑢0

2 +

60(𝑓′)2𝑤𝑥
2𝑢0(𝑢0)3𝑥 + 20𝑓(4)(𝑓′)3𝑤𝑥

7 +
60(𝑓′)3𝑤𝑥

2𝑤4𝑥𝑢0 + 20(𝑓′)3𝑤𝑥
3(𝑢0)3𝑥 +

20(𝑓′)4𝑤𝑥
3𝑤4𝑥 + 60𝑓′′𝑤2𝑥

2 𝑢0
3 + 80𝑓′′𝑤𝑥𝑤3𝑥𝑢0

3 +
180𝑓′𝑓′′𝑤𝑥𝑤2𝑥

2 𝑢0
2 + 240𝑓′𝑓′′𝑤𝑥

2𝑤3𝑥𝑢0
2 +

180(𝑓′)2𝑓′′𝑤𝑥
2𝑤2𝑥

2 𝑢0 + 240(𝑓′)2𝑓′′𝑤𝑥
3𝑤3𝑥𝑢0 +

60(𝑓′)3𝑓′′𝑤𝑥
3𝑤2𝑥

2 + 80(𝑓′)3𝑓′′𝑤𝑥
4𝑤3𝑥 +

120𝑓′′′𝑤𝑥
2𝑤2𝑥𝑢0

3 + 360𝑓′𝑓′′′𝑤𝑥
3𝑤2𝑥𝑢0

2 +
360(𝑓′)2𝑓′′′𝑤𝑥

4𝑤2𝑥𝑢0 + 120(𝑓′)3𝑓′′′𝑤𝑥
5𝑤2𝑥   

150𝑢2𝑢𝑥𝑢2𝑥 =
150𝑢0

2(𝑢0)𝑥(𝑢0)2𝑥 + 150𝑓′𝑤3𝑥𝑢0
2(𝑢0)𝑥 +

150𝑓′𝑤2𝑥𝑢0
2(𝑢0)2𝑥 + 300𝑓′𝑤𝑥𝑢0(𝑢0)𝑥(𝑢0)2𝑥 +

150(𝑓′)2𝑤2𝑥𝑤3𝑥𝑢0
2 + 300(𝑓′)2𝑤𝑥𝑤3𝑥𝑢0(𝑢0)𝑥 +

300(𝑓′)2𝑤𝑥𝑤2𝑥𝑢0(𝑢0)2𝑥 + 150(𝑓′)2𝑤𝑥
2(𝑢0)𝑥(𝑢0)2𝑥 +

300(𝑓′)3𝑤𝑥𝑤2𝑥𝑤3𝑥𝑢0 + 150(𝑓′)3𝑤𝑥
2𝑤3𝑥(𝑢0)𝑥 +

150(𝑓′)3𝑤𝑥
2𝑤2𝑥(𝑢0)2𝑥 + 150(𝑓′)4𝑤𝑥

2𝑤2𝑥𝑤3𝑥 +
450𝑓′′𝑤𝑥𝑤2𝑥𝑢0

2(𝑢0)𝑥 + 150𝑓′′𝑤𝑥
2𝑢0

2(𝑢0)2𝑥 +
450𝑓′𝑓′′𝑤𝑥𝑤2𝑥

2 𝑢0
2 + 150𝑓′𝑓′′𝑤𝑥

2𝑤3𝑥𝑢0
2 +

900𝑓′𝑓′′𝑤𝑥
2𝑤2𝑥𝑢0(𝑢0)𝑥 + 300𝑓′𝑓′′𝑤𝑥

3𝑢0(𝑢0)2𝑥 +
900(𝑓′)2𝑓′′𝑤𝑥

2𝑤2𝑥
2 𝑢0 + 300(𝑓′)2𝑓′′𝑤𝑥

3𝑤3𝑥𝑢0 +
450(𝑓′)2𝑓′′𝑤𝑥

3𝑤2𝑥(𝑢0)𝑥 + 150(𝑓′)2𝑓′′𝑤𝑥
4(𝑢0)2𝑥 +

450(𝑓′)3𝑓′′𝑤𝑥
3𝑤2𝑥

2 + 150(𝑓′)3𝑓′′𝑤𝑥
4𝑤3𝑥 +

450(𝑓′′)2𝑤𝑥
3𝑤2𝑥𝑢0

2 + 900𝑓′(𝑓′′)2𝑤𝑥
4𝑤2𝑥𝑢0 +

450(𝑓′)2(𝑓′′)2𝑤𝑥
5𝑤2𝑥 + 150𝑓′′′𝑤𝑥

3𝑢0
2(𝑢0)𝑥 +

150𝑓′𝑓′′′𝑤𝑥
3𝑤2𝑥𝑢0

2 + 300𝑓′𝑓′′′𝑤𝑥
4𝑢0(𝑢0)𝑥 +

300(𝑓′)2𝑓′′′𝑤𝑥
4𝑤2𝑥𝑢0 + 150(𝑓′)2𝑓′′′𝑤𝑥

5(𝑢0)𝑥 +
150(𝑓′)3𝑓′′′𝑤𝑥

5𝑤2𝑥 + 150𝑓′′𝑓′′′𝑤𝑥
5𝑢0

2 +
300𝑓′𝑓′′𝑓′′′𝑤𝑥

6𝑢0 + 150(𝑓′)2𝑓′′𝑓′′′𝑤𝑥
7  

90𝑢𝑢𝑥
3 = 90𝑢0(𝑢0)𝑥

3 + 270𝑓′𝑢0(𝑢0)𝑥
2𝑤2𝑥 +

90𝑓′𝑤𝑥(𝑢0)𝑥
3 + 270(𝑓′)2𝑤2𝑥

2 𝑢0(𝑢0)𝑥 +
270(𝑓′)2𝑤𝑥𝑤2𝑥(𝑢0)𝑥

2 + 90(𝑓′)3𝑤2𝑥
3 𝑢0 +

270(𝑓′)3𝑤𝑥𝑤2𝑥
2 (𝑢0)𝑥 + 90(𝑓′)4𝑤𝑥𝑤2𝑥

3 +
270𝑓′′𝑤𝑥

2𝑢0(𝑢0)𝑥
2 + 540𝑓′𝑓′′𝑤𝑥

2𝑤2𝑥𝑢0(𝑢0)𝑥 +
270𝑓′𝑓′′𝑤𝑥

3(𝑢0)𝑥
2 + 270(𝑓′)2𝑓′′𝑤𝑥

2𝑤2𝑥
2 𝑢0 +

540(𝑓′)2𝑓′′𝑤𝑥
3𝑤2𝑥(𝑢0)𝑥 + 270(𝑓′)3𝑓′′𝑤𝑥

3𝑤2𝑥
2 +

270(𝑓′′)2𝑤𝑥
4𝑢0(𝑢0)𝑥 + 270𝑓′(𝑓′′)2𝑤𝑥

4𝑤2𝑥𝑢0 +
270𝑓′(𝑓′′)2𝑤𝑥

5(𝑢0)𝑥 + 270(𝑓′)2(𝑓′′)2𝑤𝑥
5𝑤2𝑥 +

90(𝑓′′)3𝑤𝑥
6𝑢0 + 90𝑓′(𝑓′′)3𝑤𝑥

7  

15𝑢4𝑢2𝑥 =
15𝑢0

4(𝑢0)2𝑥 + 15𝑓′𝑢0
4𝑤3𝑥 + 60𝑓′𝑤𝑥𝑢0

3(𝑢0)2𝑥 +
60(𝑓′)2𝑤𝑥𝑤3𝑥𝑢0

3 + 90(𝑓′)2𝑤𝑥
2𝑢0

2(𝑢0)2𝑥 +
90(𝑓′)3𝑤𝑥

2𝑤3𝑥𝑢0
2 + 60(𝑓′)3𝑤𝑥

3𝑢0(𝑢0)2𝑥 +
60(𝑓′)4𝑤𝑥

3𝑤3𝑥𝑢0 + 15(𝑓′)4𝑤𝑥
4(𝑢0)2𝑥 +

15(𝑓′)5𝑤𝑥
4𝑤3𝑥 + 45𝑓′′𝑤𝑥𝑤2𝑥𝑢0

4 +
180𝑓′𝑓′′𝑤𝑥

2𝑤2𝑥𝑢0
3 + 270(𝑓′)2𝑓′′𝑤𝑥

3𝑤2𝑥𝑢0
2 +

180(𝑓′)3𝑓′′𝑤𝑥
4𝑤2𝑥𝑢0 + 45(𝑓′)4𝑓′′𝑤𝑥

5𝑤2𝑥 +
15𝑓′′′𝑤𝑥

3𝑢0
4 + 60𝑓′𝑓′′′𝑤𝑥

4𝑢0
3 + 90(𝑓′)2𝑓′′′𝑤𝑥

5𝑢0
2 +

60(𝑓′)3𝑓′′′𝑤𝑥
6𝑢0 + 15(𝑓′)4𝑓′′′𝑤𝑥

7                          

60𝑢3𝑢𝑥
2 = 60𝑢0

3(𝑢0)𝑥
2 + 120𝑓′𝑤2𝑥𝑢0

3(𝑢0)𝑥 +
180𝑓′𝑤𝑥𝑢0

2(𝑢0)𝑥
2 + 60(𝑓′)2𝑤2𝑥

2 𝑢0
3 +

360(𝑓′)2𝑤𝑥𝑤2𝑥𝑢0
2(𝑢0)𝑥 + 180(𝑓′)2𝑤𝑥

2𝑢0(𝑢0)𝑥
2 +

180(𝑓′)3𝑤𝑥𝑤2𝑥
2 𝑢0

2 + 360(𝑓′)3𝑤𝑥
2𝑤2𝑥𝑢0(𝑢0)𝑥 +
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60(𝑓′)3𝑤𝑥
3(𝑢0)𝑥

2 + 180(𝑓′)4𝑤𝑥
2𝑤2𝑥

2 𝑢0 +
120(𝑓′)4𝑤𝑥

3𝑤2𝑥(𝑢0)𝑥 + 60(𝑓′)5𝑤𝑥
3𝑤2𝑥

2 +
120𝑓′′𝑤𝑥

2𝑢0
3(𝑢0)𝑥 + 120𝑓′𝑓′′𝑤𝑥

2𝑤2𝑥𝑢0
3 +

360𝑓′𝑓′′𝑤𝑥
3𝑢0

2(𝑢0)𝑥 + 360(𝑓′)2𝑓′′𝑤𝑥
3𝑤2𝑥𝑢0

2 +
360(𝑓′)2𝑓′′𝑤𝑥

4𝑢0(𝑢0)𝑥 + 360(𝑓′)3𝑓′′𝑤𝑥
4𝑤2𝑥𝑢0 +

120(𝑓′)3𝑓′′𝑤𝑥
5(𝑢0)𝑥 + 120(𝑓′)4𝑓′′𝑤𝑥

5𝑤2𝑥 +
60(𝑓′′)2𝑤𝑥

4𝑢0
3 + 180𝑓′(𝑓′′)2𝑤𝑥

5𝑢0
2 +

180(𝑓′)2(𝑓′′)2𝑤𝑥
6𝑢0 + 60(𝑓′)3(𝑓′′)2𝑤𝑥

7  

6𝑢5𝑢𝑥 = 6𝑢0
5(𝑢0)𝑥 + 6𝑓′𝑤2𝑥𝑢0

5 + 30𝑓′𝑤𝑥𝑢0
4(𝑢0)𝑥 +

30(𝑓′)2𝑤𝑥𝑤2𝑥𝑢0
4 + 60(𝑓′)2𝑤𝑥

2𝑢0
3(𝑢0)𝑥 +

60(𝑓′)3𝑤𝑥
2𝑤2𝑥𝑢0

3 + 60(𝑓′)3𝑤𝑥
3𝑢0

2(𝑢0)𝑥 +
60(𝑓′)4𝑤𝑥

3𝑤2𝑥𝑢0
2 + 30(𝑓′)4𝑤𝑥

4𝑢0(𝑢0)𝑥 +
30(𝑓′)5𝑤𝑥

4𝑤2𝑥𝑢0 + 6(𝑓′)5𝑤𝑥
5(𝑢0)𝑥 + 6(𝑓′)6𝑤𝑥

5𝑤2𝑥 +
6𝑓′′𝑤𝑥

2𝑢0
5 + 30𝑓′𝑓′′𝑤𝑥

3𝑢0
4 + 60(𝑓′)2𝑓′′𝑤𝑥

4𝑢0
3 +

60(𝑓′)3𝑓′′𝑤𝑥
5𝑢0

2 + 30(𝑓′)4𝑓′′𝑤𝑥
6𝑢0 + 6(𝑓′)5𝑓′′𝑤𝑥

7                                                                                                  

 

and 

 

𝑤𝑥
7[𝑓(7) + 21𝑓(5)𝑓′′ + 35𝑓(4)𝑓′′′ + 6𝑓(6)𝑓′ +

15𝑓(5)(𝑓′)2 + 90𝑓(4)𝑓′𝑓′′ + 60(𝑓′′′)2𝑓′ +

105(𝑓′′)2𝑓′′′ + 20𝑓(4)(𝑓′)3 + 150(𝑓′)2𝑓′′𝑓′′′ +

90𝑓′(𝑓′′)3 + 15(𝑓′)4𝑓′′′ + 60(𝑓′)3(𝑓′′)2 + 6(𝑓′)5𝑓′′]  

+(21𝑓(6)𝑤𝑥
5𝑤2𝑥 + 111𝑓(5)𝑓′𝑤𝑥

5𝑤2𝑥 +

315𝑓(4)𝑓′′𝑤𝑥
5𝑤2𝑥 + 210(𝑓′′′)2𝑤𝑥

5𝑤2𝑥 + 6𝑓(6)𝑤𝑥
6𝑢0 +

30𝑓(5)𝑓′𝑤𝑥
6𝑢0 + 240𝑓(4)(𝑓′)2𝑤𝑥

5𝑤2𝑥 +

90𝑓(4)𝑓′′𝑤𝑥
6𝑢0 + 1110𝑓′𝑓′′𝑓′′′𝑤𝑥

5𝑤2𝑥 +
60(𝑓′′′)2𝑤𝑥

6𝑢0 + 315(𝑓′′)3𝑤𝑥
5𝑤2𝑥 +

60𝑓(4)(𝑓′)2𝑤𝑥
6𝑢0 + 270(𝑓′)3𝑓′′′𝑤𝑥

5𝑤2𝑥 +
720(𝑓′)2(𝑓′′)2𝑤𝑥

5𝑤2𝑥 + 300𝑓′𝑓′′𝑓′′′𝑤𝑥
6𝑢0 +

90(𝑓′′)3𝑤𝑥
6𝑢0 + 165(𝑓′)4𝑓′′𝑤𝑥

5𝑤2𝑥 +
60(𝑓′)3𝑓′′′𝑤𝑥

6𝑢0 + 180(𝑓′)2(𝑓′′)2𝑤𝑥
6𝑢0 +

6(𝑓′)6𝑤𝑥
5𝑤2𝑥 + 30(𝑓′)4𝑓′′𝑤𝑥

6𝑢0)  

+(105𝑓(5)𝑤𝑥
3𝑤2𝑥

2 + 35𝑓(5)𝑤𝑥
4𝑤3𝑥 + 21𝑓(5)𝑤𝑥

5(𝑢0)𝑥 +

480𝑓(4)𝑓′𝑤𝑥
3𝑤2𝑥

2 + 1050𝑓′′𝑓′′′𝑤𝑥
3𝑤2𝑥

2 +

350𝑓′′𝑓′′′𝑤𝑥
4𝑤3𝑥 + 155𝑓(4)𝑓′𝑤𝑥

4𝑤3𝑥 +

90𝑓(5)𝑤𝑥
4𝑤2𝑥𝑢0 + 15𝑓(5)𝑤𝑥

5𝑢0
2 +

390𝑓(4)𝑓′𝑤𝑥
4𝑤2𝑥𝑢0 + 270(𝑓′)2𝑓′′′𝑤𝑥

4𝑤3𝑥 +

90𝑓(4)𝑓′𝑤𝑥
5(𝑢0)𝑥 + 1440𝑓′(𝑓′′)2𝑤𝑥

3𝑤2𝑥
2 +

465𝑓′(𝑓′′)2𝑤𝑥
4𝑤3𝑥 + 870(𝑓′)2𝑓′′′𝑤𝑥

3𝑤2𝑥
2 +

900𝑓′′𝑓′′′𝑤𝑥
4𝑤2𝑥𝑢0 + 210𝑓′′𝑓′′′𝑤𝑥

5(𝑢0)𝑥 +

60𝑓(4)𝑓′𝑤𝑥
5𝑢0

2 + 780(𝑓′)3𝑓′′𝑤𝑥
3𝑤2𝑥

2 +
230(𝑓′)3𝑓′′𝑤𝑥

4𝑤3𝑥 + 660(𝑓′)2𝑓′′′𝑤𝑥
4𝑤2𝑥𝑢0 +

1170𝑓′(𝑓′′)2𝑤𝑥
4𝑤2𝑥𝑢0 + 150(𝑓′)2𝑓′′′𝑤𝑥

5(𝑢0)𝑥 +
150𝑓′′𝑓′′′𝑤𝑥

5𝑢0
2 + 270𝑓′(𝑓′′)2𝑤𝑥

5(𝑢0)𝑥 +
15(𝑓′)5𝑤𝑥

4𝑤3𝑥 + 540(𝑓′)3𝑓′′𝑤𝑥
4𝑤2𝑥𝑢0 +

90(𝑓′)2𝑓′′′𝑤𝑥
5𝑢0

2 + 60(𝑓′)5𝑤𝑥
3𝑤2𝑥

2 +
120(𝑓′)3𝑓′′𝑤𝑥

5(𝑢0)𝑥 + 180𝑓′(𝑓′′)2𝑤𝑥
5𝑢0

2 +
30(𝑓′)5𝑤𝑥

4𝑤2𝑥𝑢0 + 6(𝑓′)5𝑤𝑥
5(𝑢0)𝑥 +

60(𝑓′)3𝑓′′𝑤𝑥
5𝑢0

2)  

+(105𝑓(4)𝑤𝑥𝑤2𝑥
3 + 210𝑓(4)𝑤𝑥

2𝑤2𝑥𝑤3𝑥 +

35𝑓(4)𝑤𝑥
3𝑤4𝑥 + 210𝑓(4)𝑤𝑥

3𝑤2𝑥(𝑢0)𝑥 +
105(𝑓′′)2𝑤𝑥

3𝑤4𝑥 + 405𝑓′𝑓′′′𝑤𝑥𝑤2𝑥
3 +

35𝑓(4)𝑤𝑥
4(𝑢0)2𝑥 + 315(𝑓′′)2𝑤𝑥𝑤2𝑥

3 +
630(𝑓′′)2𝑤𝑥

2𝑤2𝑥𝑤3𝑥 + 125𝑓′𝑓′′′𝑤𝑥
3𝑤4𝑥 +

270𝑓(4)𝑤𝑥
2𝑤2𝑥

2 𝑢0 + 120𝑓(4)𝑤𝑥
3𝑤3𝑥𝑢0 +

780𝑓′𝑓′′′𝑤𝑥
2𝑤2𝑥𝑤3𝑥 + 150𝑓(4)𝑤𝑥

3𝑤2𝑥𝑢0
2 +

990𝑓′𝑓′′′𝑤𝑥
2𝑤2𝑥

2 𝑢0 + 420𝑓′𝑓′′′𝑤𝑥
3𝑤3𝑥𝑢0 +

585(𝑓′)2𝑓′′𝑤𝑥𝑤2𝑥
3 + 1080(𝑓′)2𝑓′′𝑤𝑥

2𝑤2𝑥𝑤3𝑥 +
165(𝑓′)2𝑓′′𝑤𝑥

3𝑤4𝑥 + 810(𝑓′′)2𝑤𝑥
2𝑤2𝑥

2 𝑢0 +
360(𝑓′′)2𝑤𝑥

3𝑤3𝑥𝑢0 + 750𝑓′𝑓′′′𝑤𝑥
3𝑤2𝑥(𝑢0)𝑥 +

120𝑓′𝑓′′′𝑤𝑥
4(𝑢0)2𝑥 + 630(𝑓′′)2𝑤𝑥

3𝑤2𝑥(𝑢0)𝑥 +

105(𝑓′′)2𝑤𝑥
4(𝑢0)2𝑥 + 20𝑓(4)𝑤𝑥

4𝑢0
3 + 20(𝑓′)4𝑤𝑥

3𝑤4𝑥 +
150(𝑓′)4𝑤𝑥

2𝑤2𝑥𝑤3𝑥 + 540(𝑓′)2𝑓′′𝑤𝑥
3𝑤3𝑥𝑢0 +

990(𝑓′)2𝑓′′𝑤𝑥
3𝑤2𝑥(𝑢0)𝑥 + 150(𝑓′)2𝑓′′𝑤𝑥

4(𝑢0)2𝑥 +
450(𝑓′′)2𝑤𝑥

3𝑤2𝑥𝑢0
2 + 510𝑓′𝑓′′′𝑤𝑥

3𝑤2𝑥𝑢0
2 +

300𝑓′𝑓′′′𝑤𝑥
4𝑢0(𝑢0)𝑥 + 90(𝑓′)4𝑤𝑥𝑤2𝑥

3 +
1350(𝑓′)2𝑓′′𝑤𝑥

2𝑤2𝑥
2 𝑢0 + 270(𝑓′′)2𝑤𝑥

4𝑢0(𝑢0)𝑥 +
60(𝑓′)4𝑤𝑥

3𝑤3𝑥𝑢0 + 15(𝑓′)4𝑤𝑥
4(𝑢0)2𝑥 +

60𝑓′𝑓′′′𝑤𝑥
4𝑢0

3 + 180(𝑓′)4𝑤𝑥
2𝑤2𝑥

2 𝑢0 +
120(𝑓′)4𝑤𝑥

3𝑤2𝑥(𝑢0)𝑥 + 630(𝑓′)2𝑓′′𝑤𝑥
3𝑤2𝑥𝑢0

2 +
360(𝑓′)2𝑓′′𝑤𝑥

4𝑢0(𝑢0)𝑥 + 60(𝑓′′)2𝑤𝑥
4𝑢0

3 +
60(𝑓′)4𝑤𝑥

3𝑤2𝑥𝑢0
2 + 30(𝑓′)4𝑤𝑥

4𝑢0(𝑢0)𝑥 +

60(𝑓′)2𝑓′′𝑤𝑥
4𝑢0

3)  

+(105𝑓′′′𝑤2𝑥
2 𝑤3𝑥 + 70𝑓′′′𝑤𝑥𝑤3𝑥

2 +
105𝑓′′′𝑤𝑥𝑤2𝑥𝑤4𝑥 + 21𝑓′′′𝑤𝑥

2𝑤5𝑥 +
315𝑓′𝑓′′𝑤2𝑥

2 𝑤3𝑥 + 300𝑓′𝑓′′𝑤𝑥𝑤2𝑥𝑤4𝑥 +
57𝑓′𝑓′′𝑤𝑥

2𝑤5𝑥 + 315𝑓′′′𝑤𝑥𝑤2𝑥
2 (𝑢0)𝑥 +

210𝑓′′′𝑤𝑥
2𝑤3𝑥(𝑢0)𝑥 + 200𝑓′𝑓′′𝑤𝑥𝑤3𝑥

2 +
35𝑓′′′𝑤𝑥

3(𝑢0)3𝑥 + 210𝑓′′′𝑤𝑥
2𝑤2𝑥(𝑢0)2𝑥 +

90𝑓′′′𝑤2𝑥
3 𝑢0 + 360𝑓′′′𝑤𝑥𝑤2𝑥𝑤3𝑥𝑢0 +

90𝑓′′′𝑤𝑥
2𝑤4𝑥𝑢0 + 15(𝑓′)3𝑤𝑥

2𝑤5𝑥 +
1020𝑓′𝑓′′𝑤𝑥𝑤2𝑥𝑤3𝑥𝑢0 + 240𝑓′𝑓′′𝑤𝑥

2𝑤4𝑥𝑢0 +
225𝑓′′′𝑤𝑥𝑤2𝑥

2 𝑢0
2 + 150𝑓′′′𝑤𝑥

2𝑤3𝑥𝑢0
2 +

270𝑓′𝑓′′𝑤2𝑥
3 𝑢0 + 900𝑓′𝑓′′𝑤𝑥𝑤2𝑥

2 (𝑢0)𝑥 +
570𝑓′𝑓′′𝑤𝑥

2𝑤3𝑥(𝑢0)𝑥 + 90𝑓′𝑓′′𝑤𝑥
3(𝑢0)3𝑥 +

540𝑓′′′𝑤𝑥
2𝑤2𝑥𝑢0(𝑢0)𝑥 + 90(𝑓′)3𝑤𝑥𝑤2𝑥𝑤4𝑥 +

60(𝑓′)3𝑤𝑥𝑤3𝑥
2 + 570𝑓′𝑓′′𝑤𝑥

2𝑤2𝑥(𝑢0)2𝑥 +
120𝑓′′′𝑤𝑥

3𝑢0(𝑢0)2𝑥 + 105(𝑓′)3𝑤2𝑥
2 𝑤3𝑥 +

105𝑓′′′𝑤𝑥
3(𝑢0)𝑥

2 + 60(𝑓′)3𝑤𝑥
2𝑤4𝑥𝑢0 +

20(𝑓′)3𝑤𝑥
3(𝑢0)3𝑥 + 630𝑓′𝑓′′𝑤𝑥𝑤2𝑥

2 𝑢0
2 +

390𝑓′𝑓′′𝑤𝑥
2𝑤3𝑥𝑢0

2 + 120𝑓′′′𝑤𝑥
2𝑤2𝑥𝑢0

3 +
300(𝑓′)3𝑤𝑥𝑤2𝑥𝑤3𝑥𝑢0 + 150(𝑓′)3𝑤𝑥

2𝑤3𝑥(𝑢0)𝑥 +
150(𝑓′)3𝑤𝑥

2𝑤2𝑥(𝑢0)2𝑥 + 1440𝑓′𝑓′′𝑤𝑥
2𝑤2𝑥𝑢0(𝑢0)𝑥 +

300𝑓′𝑓′′𝑤𝑥
3𝑢0(𝑢0)2𝑥 + 150𝑓′′′𝑤𝑥

3𝑢0
2(𝑢0)𝑥 +

90(𝑓′)3𝑤2𝑥
3 𝑢0 + 270(𝑓′)3𝑤𝑥𝑤2𝑥

2 (𝑢0)𝑥 +
270𝑓′𝑓′′𝑤𝑥

3(𝑢0)𝑥
2 + 90(𝑓′)3𝑤𝑥

2𝑤3𝑥𝑢0
2 +

60(𝑓′)3𝑤𝑥
3𝑢0(𝑢0)2𝑥 + 300𝑓′𝑓′′𝑤𝑥

2𝑤2𝑥𝑢0
3 +

15𝑓′′′𝑤𝑥
3𝑢0

4 + 180(𝑓′)3𝑤𝑥𝑤2𝑥
2 𝑢0

2 +
360(𝑓′)3𝑤𝑥

2𝑤2𝑥𝑢0(𝑢0)𝑥 + 60(𝑓′)3𝑤𝑥
3(𝑢0)𝑥

2 +
360𝑓′𝑓′′𝑤𝑥

3𝑢0
2(𝑢0)𝑥 + 60(𝑓′)3𝑤𝑥

2𝑤2𝑥𝑢0
3 +

60(𝑓′)3𝑤𝑥
3𝑢0

2(𝑢0)𝑥 + 30𝑓′𝑓′′𝑤𝑥
3𝑢0

4)  

+(𝑓′′𝑤𝑡𝑤𝑥 + 35𝑓′′𝑤3𝑥𝑤4𝑥 + 21𝑓′′𝑤2𝑥𝑤5𝑥 +
7𝑓′′𝑤𝑥𝑤6𝑥 + 21(𝑓′)2𝑤2𝑥𝑤5𝑥 + 210𝑓′′𝑤2𝑥𝑤3𝑥(𝑢0)𝑥 +
105𝑓′′𝑤𝑥𝑤4𝑥(𝑢0)𝑥 + 21𝑓′′𝑤𝑥

2(𝑢0)4𝑥 +
35(𝑓′)2𝑤3𝑥𝑤4𝑥 + 105𝑓′′𝑤𝑥𝑤2𝑥(𝑢0)3𝑥 +
105𝑓′′𝑤2𝑥

2 (𝑢0)2𝑥 + 140𝑓′′𝑤𝑥𝑤3𝑥(𝑢0)2𝑥 +
60𝑓′′𝑤3𝑥

2 𝑢0 + 90𝑓′′𝑤2𝑥𝑤4𝑥𝑢0 + 36𝑓′′𝑤𝑥𝑤5𝑥𝑢0 +
6(𝑓′)2𝑤𝑥𝑤6𝑥 + 30(𝑓′)2𝑤𝑥𝑤5𝑥𝑢0 +
15(𝑓′)2𝑤𝑥

2(𝑢0)4𝑥 + 150𝑓′′𝑤2𝑥𝑤3𝑥𝑢0
2 +

75𝑓′′𝑤𝑥𝑤4𝑥𝑢0
2 + 90(𝑓′)2𝑤2𝑥𝑤4𝑥𝑢0 +
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90(𝑓′)2𝑤𝑥𝑤4𝑥(𝑢0)𝑥 + 90(𝑓′)2𝑤𝑥𝑤2𝑥(𝑢0)3𝑥 +
270𝑓′′𝑤2𝑥

2 𝑢0(𝑢0)𝑥 + 360𝑓′′𝑤𝑥𝑤3𝑥𝑢0(𝑢0)𝑥 +
90𝑓′′𝑤𝑥

2𝑢0(𝑢0)3𝑥 + 60(𝑓′)2𝑤3𝑥
2 𝑢0 +

120(𝑓′)2𝑤𝑥𝑤3𝑥(𝑢0)2𝑥 + 360𝑓′′𝑤𝑥𝑤2𝑥𝑢0(𝑢0)2𝑥 +
210(𝑓′)2𝑤2𝑥𝑤3𝑥(𝑢0)𝑥 + 105(𝑓′)2𝑤2𝑥

2 (𝑢0)2𝑥 +
315𝑓′′𝑤𝑥𝑤2𝑥(𝑢0)𝑥

2 + 210𝑓′′𝑤𝑥
2(𝑢0)𝑥(𝑢0)2𝑥 +

60(𝑓′)2𝑤𝑥𝑤4𝑥𝑢0
2 + 60(𝑓′)2𝑤𝑥

2𝑢0(𝑢0)3𝑥 +
60𝑓′′𝑤2𝑥

2 𝑢0
3 + 80𝑓′′𝑤𝑥𝑤3𝑥𝑢0

3 + 150(𝑓′)2𝑤2𝑥𝑤3𝑥𝑢0
2 +

300(𝑓′)2𝑤𝑥𝑤3𝑥𝑢0(𝑢0)𝑥 + 300(𝑓′)2𝑤𝑥𝑤2𝑥𝑢0(𝑢0)2𝑥 +
150(𝑓′)2𝑤𝑥

2(𝑢0)𝑥(𝑢0)2𝑥 + 450𝑓′′𝑤𝑥𝑤2𝑥𝑢0
2(𝑢0)𝑥 +

150𝑓′′𝑤𝑥
2𝑢0

2(𝑢0)2𝑥 + 270(𝑓′)2𝑤2𝑥
2 𝑢0(𝑢0)𝑥 +

270(𝑓′)2𝑤𝑥𝑤2𝑥(𝑢0)𝑥
2 + 270𝑓′′𝑤𝑥

2𝑢0(𝑢0)𝑥
2 +

60(𝑓′)2𝑤𝑥𝑤3𝑥𝑢0
3 + 90(𝑓′)2𝑤𝑥

2𝑢0
2(𝑢0)2𝑥 +

45𝑓′′𝑤𝑥𝑤2𝑥𝑢0
4 + 60(𝑓′)2𝑤2𝑥

2 𝑢0
3 +

360(𝑓′)2𝑤𝑥𝑤2𝑥𝑢0
2(𝑢0)𝑥 + 180(𝑓′)2𝑤𝑥

2𝑢0(𝑢0)𝑥
2 +

120𝑓′′𝑤𝑥
2𝑢0

3(𝑢0)𝑥 + 30(𝑓′)2𝑤𝑥𝑤2𝑥𝑢0
4 +

60(𝑓′)2𝑤𝑥
2𝑢0

3(𝑢0)𝑥 + 6𝑓′′𝑤𝑥
2𝑢0

5)  

+(𝑓′𝑤𝑥𝑡 + 𝑓′𝑤7𝑥 + 21𝑓′𝑤5𝑥(𝑢0)𝑥 +
21𝑓′𝑤2𝑥(𝑢0)4𝑥 + 35𝑓′𝑤3𝑥(𝑢0)3𝑥 + 35𝑓′𝑤4𝑥(𝑢0)2𝑥 +
6𝑓′𝑤6𝑥𝑢0 + 6𝑓′𝑤𝑥(𝑢0)5𝑥 + 15𝑓′𝑤5𝑥𝑢0

2 +
30𝑓′𝑤𝑥𝑢0(𝑢0)4𝑥 + 90𝑓′𝑤4𝑥𝑢0(𝑢0)𝑥 +
90𝑓′𝑤2𝑥𝑢0(𝑢0)3𝑥 + 90𝑓′𝑤𝑥(𝑢0)𝑥(𝑢0)3𝑥 +
120𝑓′𝑤3𝑥𝑢0(𝑢0)2𝑥 + 60𝑓′𝑤𝑥(𝑢0)2𝑥

2 +
105𝑓′𝑤3𝑥(𝑢0)𝑥

2 + 210𝑓′𝑤2𝑥(𝑢0)𝑥(𝑢0)2𝑥 +
20𝑓′𝑤4𝑥𝑢0

3 + 60𝑓′𝑤𝑥𝑢0
2(𝑢0)3𝑥 + 150𝑓′𝑤3𝑥𝑢0

2(𝑢0)𝑥 +
150𝑓′𝑤2𝑥𝑢0

2(𝑢0)2𝑥 + 300𝑓′𝑤𝑥𝑢0(𝑢0)𝑥(𝑢0)2𝑥 +
270𝑓′𝑤2𝑥𝑢0(𝑢0)𝑥

2 + 90𝑓′𝑤𝑥(𝑢0)𝑥
3 + 15𝑓′𝑤3𝑥𝑢0

4 +
60𝑓′𝑤𝑥𝑢0

3(𝑢0)2𝑥 + 120𝑓′𝑤2𝑥𝑢0
3(𝑢0)𝑥 +

180𝑓′𝑤𝑥𝑢0
2(𝑢0)𝑥

2 + 6𝑓′𝑤2𝑥𝑢0
5 + 30𝑓′𝑤𝑥𝑢0

4(𝑢0)𝑥).                                                                                                                     

                            (3.18) 

Setting the coefficients of 𝑤𝑥
7 in  (3.18) to zero 

respectively, we obtain a set of ordinary differential 

equations 

  

𝑓(7) + 21𝑓(5)𝑓′′ + 35𝑓(4)𝑓′′′ + 6𝑓(6)𝑓′ +

15𝑓(5)(𝑓′)2 + 90𝑓(4)𝑓′𝑓′′ + 60(𝑓′′′)2𝑓′ +

105(𝑓′′)2𝑓′′′ + 20𝑓(4)(𝑓′)3 + 150(𝑓′)2𝑓′′𝑓′′′ +
90𝑓′(𝑓′′)3 + 15(𝑓′)4𝑓′′′ + 60(𝑓′)3(𝑓′′)2 +
6(𝑓′)5𝑓′′ = 0,    
 

which have solutions 

 

𝑓 = 𝑙𝑛𝑤,                         (3.19)                                                            

                     

there by from (21) it holds that 

 

(𝑓′)2 = −𝑓′′, (𝑓′)3 =
1

2
𝑓′′′, 𝑓′𝑓′′ = −

1

2
𝑓′′′, (𝑓′)4 =

(𝑓′′)2 = −
1

6
𝑓(4),  

𝑓′𝑓′′′ = −
1

3
𝑓(4), (𝑓′)2𝑓′′ =

1

6
𝑓(4), 𝑓(4)𝑓′ = −

1

4
𝑓(5),

𝑓′′𝑓′′′ = −
1

12
𝑓(5),  

(𝑓′)2𝑓′′′ =
1

12
𝑓(5),

(𝑓′)5 = 𝑓′(𝑓′′)2 =
1

24
𝑓(5),  (𝑓′)3𝑓′′ =

−
1

24
𝑓(5),  𝑓(5)𝑓′ = −

1

5
𝑓(6),   

𝑓(4)𝑓′′ = −
1

20
𝑓(6), 𝑓(4)(𝑓′)2 =

1

20
𝑓(6), 𝑓′𝑓′′𝑓′′′ =

1

60
𝑓(6), (𝑓′′′)2 = −

1

30
𝑓(6),  

(𝑓′′)3 = (𝑓′)4𝑓′′ =
1

120
𝑓(6), (𝑓′)3𝑓′′′ = −

1

60
𝑓(6),

(𝑓′)2(𝑓′′)2 = (𝑓′)6 = −
1

120
𝑓(6).                  (3.20) 

 

By using Eqs. (3.18) and (3.20) can be written as the 

sum of some terms with 𝑓′ and 𝑓′′ setting their 

coefficients to zero will lead to  

 

𝑤𝑥(𝑤𝑡 + 𝑤6𝑥 + 15𝑤4𝑥(𝑢0)𝑥 + 6𝑤𝑥(𝑢0)4𝑥 +
15𝑤2𝑥(𝑢0)3𝑥 + 20𝑤3𝑥(𝑢0)2𝑥 + 6𝑤5𝑥𝑢0 + 15𝑤4𝑥𝑢0

2 +
60𝑤3𝑥𝑢0(𝑢0)𝑥 + 30𝑤𝑥𝑢0(𝑢0)3𝑥 + 60𝑤2𝑥𝑢0(𝑢0)2𝑥 +
45𝑤2𝑥(𝑢0)𝑥

2 + 60𝑤𝑥(𝑢0)𝑥(𝑢0)2𝑥 + 20𝑤3𝑥𝑢0
3 +

90𝑤2𝑥𝑢0
2(𝑢0)𝑥 + 60𝑤𝑥𝑢0

2(𝑢0)2𝑥 + 90𝑤𝑥𝑢0(𝑢0)𝑥
2 +

15𝑤2𝑥𝑢0
4 + 60𝑤𝑥𝑢0

3(𝑢0)𝑥 + 6𝑤𝑥𝑢0
5) +

𝜕

𝜕𝑥
(𝑤𝑡 + 𝑤6𝑥 +

15𝑤4𝑥(𝑢0)𝑥 + 6𝑤𝑥(𝑢0)4𝑥 + 15𝑤2𝑥(𝑢0)3𝑥 +
20𝑤3𝑥(𝑢0)2𝑥 + 6𝑤5𝑥𝑢0 + 15𝑤4𝑥𝑢0

2 +
60𝑤3𝑥𝑢0(𝑢0)𝑥 + 30𝑤𝑥𝑢0(𝑢0)3𝑥 + 60𝑤2𝑥𝑢0(𝑢0)2𝑥 +
45𝑤2𝑥(𝑢0)𝑥

2 + 60𝑤𝑥(𝑢0)𝑥(𝑢0)2𝑥 + 20𝑤3𝑥𝑢0
3 +

90𝑤2𝑥𝑢0
2(𝑢0)𝑥 + 60𝑤𝑥𝑢0

2(𝑢0)2𝑥 + 90𝑤𝑥𝑢0(𝑢0)𝑥
2 +

15𝑤2𝑥𝑢0
4 + 60𝑤𝑥𝑢0

3(𝑢0)𝑥 + 6𝑤𝑥𝑢0
5) = 0.                

(3.21) 

 

Above equations are satisfied provided that 

 

𝑤𝑡 + 𝑤6𝑥 + 15𝑤4𝑥(𝑢0)𝑥 + 6𝑤𝑥(𝑢0)4𝑥 +
15𝑤2𝑥(𝑢0)3𝑥 + 20𝑤3𝑥(𝑢0)2𝑥 + 6𝑤5𝑥𝑢0 + 15𝑤4𝑥𝑢0

2 +
60𝑤3𝑥𝑢0(𝑢0)𝑥 + 30𝑤𝑥𝑢0(𝑢0)3𝑥 + 60𝑤2𝑥𝑢0(𝑢0)2𝑥 +
45𝑤2𝑥(𝑢0)𝑥

2 + 60𝑤𝑥(𝑢0)𝑥(𝑢0)2𝑥 + 20𝑤3𝑥𝑢0
3 +

90𝑤2𝑥𝑢0
2(𝑢0)𝑥 + 60𝑤𝑥𝑢0

2(𝑢0)2𝑥 + 90𝑤𝑥𝑢0(𝑢0)𝑥
2 +

15𝑤2𝑥𝑢0
4 + 60𝑤𝑥𝑢0

3(𝑢0)𝑥 + 6𝑤𝑥𝑢0
5 = 0.              (3.22)  

                                                                   

From (3.17) and (3.19), we obtain B𝑎̈cklund 

transformation of Eq.(3.16)  

 

𝑢 =
𝜕

𝜕𝑥
𝑙𝑛𝑤 + 𝑢0,                                                     (3.23)  

 

where 𝑤 satisfying (3.22). We take initial solutions of 

Eq.(3.16) as 𝑢0 = 0, then (3.22) reduce to 

 

𝑤𝑡 + 𝑤6𝑥 = 0,                        (3.24)                                          
           

𝑢 =
𝜕

𝜕𝑥
𝑙𝑛𝑤.                                                             (3.25)   

                                                       

Specially, we take a solution of (3.24) 

 

𝑤 = 1 + 𝑒𝑐(𝑥−𝑐5𝑡).                                                  (3.26) 

 

Then, solutions of Eq.(3.16) can be written by using 

(3.25) as following 

 

𝑢(𝑥, 𝑡) =
𝑐ⅇ𝑐(𝑥−𝑐5𝑡)

1+ⅇ𝑐(𝑥−𝑐5𝑡)
 ,                                              (3.27)                                                  
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or 

 

𝑢(𝑥, 𝑡) =
𝑐

2
(1 + Tanh [

𝑐

2
(𝑥 − 𝑐5𝑡)]).               (3.28) 

 

where 𝑐 is arbitrary constant.       

 

4.  Results and Discussion 

 

We discuss the results to Eq. (3.1) and Eq. (3.16) 

obtained by using the present technique in the literature 

and the reported results in this study. J. Liu et al. [43] 

obtained the exact solutions of complexly coupled KdV 

equations by using Jacobi elliptic function method. I.E. 

Inan and D. Kaya [38] obtained exact solutions of 

complexly coupled KdV equations by using Generalized 

tanh function method. A.M. Wazwaz [35] obtained 

multiple kink solutions and multiple singular kink 

solutions of Burgers hierarchy equations by using 

Hirota bilinear method. For Eq (3.1), when we compare 

our result with the results reported in J. Liu et al. [43] 

and I.E. Inan and D. Kaya [38], we found the solution is 

similar to the hyperbolic solution found by J. Liu et al. 

[43]  with I.E. Inan and D. Kaya [38]. For Eq (18), 

when we compare our result with the result reported in 

A.M. Wazwaz [35], we found the solution is same to the 

hyperbolic solution found by A.M. Wazwaz [35]. The 

Auto- B𝑎̈cklund transformation used in this article is a 

powerful method for finding traveling wave solutions of 

nonlinear partial differential equations. 

 

5. Conclusion 

 

We used the Auto-B𝑎̈cklund transformation for finding 

the travelling wave solutions of the complexly coupled 

KdV equations and the sixth order equation of the 

Burgers hierarchy.. The solutions found as a result of 

the application of the method are hyperbolic function 

and exponential function solutions. The accuracy of 

these solutions was seen by using Mathematica 11.2 

computer program. Many nonlinear partial differential 

equations and system of equations can be solved using 

this method. 
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