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Abstract

In this paper, we implemented Auto-Bdcklund transformation for finding the travelling wave solutions of
the complexly coupled KdV equations and the sixth order equation of the Burgers hierarchy. These
solutions are hyperbolic function solutions and exponential function solutions. It was observed using the
Mathematica program that these solutions provided the nonlinear partial differential equation and the
nonlinear partial differential equation pair. Then, the solutions of these equations are compared with the
solutions of the same equations obtained in the literature using other methods. As a result of the
comparison, it was seen that some solutions are the same and some solutions are similar. The Auto-
Bdcklund transformation used in this article is a powerful method for finding traveling wave solutions of
nonlinear partial differential equations.

Keywords: Auto-Bicklund transformation, complexly coupled KdV equations, sixth order equation

of the Burgers hierarchy, travelling wave solutions.

1.Introduction

Nonlinear partial differential equations (NPDES) plays
an important role in applied sciences. Some analytical
methods for solving these equations exist in the
literature [1-8]. Along with these methods, there are
several methods of solving such equations by using an
auxiliary equation. By using such methods, partial
differential equations are converted to ordinary
differential equations and the solutions of partial
differential equations are found with the help of these
ordinary differential equations. Some of these methods
and their applications are given in [9-30].

We used the Auto- Backlund transformation for finding
the travelling wave solutions of the complexly coupled
KdV equations and the sixth order equation of the
Burgers hierarchy. This method is presented in [7]. J.
Liu et al. [28] obtained the exact solutions of complexly
coupled KdV equations by using Jacobi elliptic function
method. I.LE. Inan and D. Kaya [25] reached exact
solutions of complexly coupled KdV equations by
means of using Generalized tanh function method. A.M.
Wazwaz [17] achieved multiple kink solutions and
multiple singular kink solutions of Burgers hierarchy
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equations through using Hirota bilinear method. I.E.
Inan et al. [19] obtained solitary wave solutions of third
order equation of Burgers hierarchy (Sharma-Tasso-
Olver equation) and solitary wave solutions of fourth
order equation of Burgers hierarchy by using Auto-
Backlund transformation.

2. Analysis of Method

Let's introduce the method briefly. Consider a general
partial differential equation of two variables,
)=0.

Q (U, Up, Uy, Uy oo (2.1)

We can express the solution of Eq.(1) as below,

aM
u= a—Mf(w) + uy, (2.2)
X
where M is a positive integer is found as the result of
balancing the highest order linear term and the highest
order nonlinear term found in the equation. f = f(w)
and w = w(x, t) are unknown functions, u and u, are
two solutions of Eq.(2.1). Substituting (2.2) into (2.1),
putting all terms of the highest degree of w, together.
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And setting its coefficients to zero leads to an ordinary
equation, from which f(w) is obtained. Replace the

nonlinear term of various derivatives of f(w)
expression by the corresponding higher
derivatives of f(w). Collecting all terms with f', f",

and setting their coefficients to zero respectively, we
obtain a set of equations for w(x,t) from which the

compatability conditions on w will be obtained [7].

3. Applications
3.1 Application

We consider complexly coupled KdV equations [28]
u; — buu, — 6VY, — U

v, — 6uv, — 6vu, — v
(3.1)

x=0,
» = 0.

In accordance with the idea of improved HB [7]. We
of
EQ.(3.1). When balancing uu, and vv, with u,,, or
uv, and vu with v,,, then gives M; =2 and M, = 2.

investigate for Auto-Bdcklund transformation

Hence, we can write
— 62 — .2 ’
—ﬁf(w) +up = fwy + fwyy + uy,

92 ’ I
v=ﬁg(w)+v0 = g"'wi + g'wyy + vg.

where
uy(x, t) and

f = f(W)' g = g(W)! w = W(x, t), uO
vy = Vo(x,t). Here f=fWw), g

gw)and w=w(x,t) are undetermined functions
solutions of Eq.(3.1).

u,uy, v and v, are four
Substituting (3.2) into Eq.(3.1), we obtain

U = [ wewi + 2 "WoWye + fWeWo, + f Wy +
(uo)e

—6uu, = —6f"f"w2 —18(f'")? wiw,, —

6f f”Wx Wiy — 6f” (uo)x - 6f f”’Wx Wox —
18f f”WxWZX - 6(f ) WoxW3x — 6f W2x(u0)x -

6f""wiug — 18f " wywy ug — 6f stuo 6o (Ug)x
—61717x = 6g”g”'Wx 18(9”)2 Wx Woyx —
69 g Wx W3y — 69 Wy (Uo)x - 6g,g’”WxW2x -

189,9”WxW2x - 6(9’)2 WoxWsx — 69 W2x(v0)x -
69""'Wivy — 189" Wy, vy — 69" W3, Vg — 600 (Vo)
—U3zx = _f(S)WJ? - 10f(4)W)§W2x - 1Sfmwxwzzx -
10fWWJ?W3x - 10f”W2xW3x - Sf”WxW4-x - f’WSX -
(uo)3x = 0.

and

Ve = g"'Wewg + 29" " WeWy + g WeWay + g'Woye +
(vo)¢

_6uvx - _6fl/g/I/Wx
6f”g’Wx W3x - 6f” (Vo)x - 6f’ngx Wax —

18f, ! - 6f,g, WaxW3x — 6f W2x(vo)x
69”’Wx Up — 1E‘}g”WxWquo - 6gIW3xu0 - 6u0(vo)x

18f”g” Wx Woyx —

) WxWZx

order

(3.2)
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—6vu, = —6g" f"'wE — 189" f" wiwy, —

69" f'Wiwsy, — 69" Wi (Ug)x — 6g'f" ' Wiwy, —
189’f”WxW22x - 6g’f’ WaxWsyx — 6g’W2x(u0)x -
6f "' Wivo — 18f " WyW,y Vg — 6f W3, v — 65 (Ug)x

—v3, = —gOwg = 10gPwiw,, — 159" w,w3, —
109’”W)?W3x _ 10g”W2xW3x _ Sg”wazl-x — 9’W5x —
(UO)Sx = 0.

and

(_6fuf/l/ 6gllglll _ f(S))W; +

(_18(f”)2 Wx Wox — 6f’me9?W2x -

18(9”)2 Wx3W2x 6g,ngx Wox — 10f(4)W3W2x) +

(f""wewi — 6f'f"wiws, — 18f'f"w,w3, —
6f’”W,§u0 - 6g’g”WxW3x 189I9”WxW2x -
69""'wivy — 15" w,w2, — 10f’”wx Wsy) +

Cf " Wewye + f'Weway — 6f"'W.
6(f’)2 WaxWs3x —
6(g')? WorWsy —

(uo)x
18](”WxW2xuO - 6g Wy (Uo)x
189”wa2xvo 1Of WoxWsyx —

5F"WyWay) +

(f'Waxe = 6f 'War(Ug)x — 69'Wox (Vo) x — 6f W3y ug —
69'W3xvo — f'Wsy) = 0. (3.3)
( 6f” " 6glrfrlr _ (5))W5 +

( 18f”g” Wx Wax — 6f’g’”Wx Wox —

189”f” Wx Wox — 6g’f”’Wx Wox — 109(4)Wx W2x) +
(g’”WtW>? - 6f”g’Wx W3y — 18flg”WxW2x -
69"'wiug — 69" f'wiws, — 18g'f"'w,wi, —

6f""wivy — 15g’”wxw2x — 10g’”wx W3y) +

(Uo)x
189 WyxWaxUp — 69 Wx (uo)x -
18f WxWaxVo — 109 WoxW3yx —

(ZQHWxWxt + g WtWZx - 6f
6f g WaxW3x —
6g’f’ WaxWs3x —
Sg”WxWAIx) +
(g’Wth - 6f’W2x(v0)x -
69' W3 Uy — g'wsy) = 0.

69'Wox(Ug)x — 6f W3,V —
(3.4)

Setting the coefficients of w2 in (3.3) and (3.4) to zero
respectively, we obtain a set of ordinary differential
equations

H nr

6g!lf!l! _

f(S) =0,
(5) —

6fl!fl!l
_6f” nr

which have solutions

f=g=Iw, (3.5)

there by from (7) it holds that

fr=49,

flg" ="' )2——f =% f'=g",

flfll — __flll _gg _fll ’ fl " flll _ glll

(fr/)z — f(4-) _ (gr/)z f/r " f fm — f(4) —
r "o_ fr "o_ =g f”I;f(4) - 9(4)- (36)
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By using (3.3), (3.4) and (3.6) can be written as the sum
of some terms with f" and f" setting their coefficients
to zero will lead to

w,(Wew, — dwws, + 3w, — 6wiuy — 6wiv,y) = 0,
2

5 Wews — 4wy ws, + 3wi, — 6wiuy, — 6wivy) +
Wx(Wxt — 6wy Ug — 6W vy — W4x) =0,

a
a(Wxt — O6Woy Uy — 6Woy Vg — Wyy) = 0.
and

w,(Wew, — 4w, ws, + 3w, — 6wiuy — 6wiv,y) = 0,
P

5 Wewy — dwyws, + 3wz, — 6wiuy, — 6Wiv,) +
Wy (Wyp — 6Woylly — 6Wp, Vg — Wyy) = 0,

a(th — bW, lUg — 6Wp Vg — Wyy) = 0.
Above equations are satisfied provided that

WeW, — 4w, ws, + 3w3, — 6w2u, — 6wiv, = 0, (3.7)

Wxt - 6W2xu0 - 6W2xv0 - W4_x = 0 (38)
From (3.2) and (3.5, we obtain Bdcklund
transformation of Eq.(2.1)

a2 a2
u= ﬁlnw + Uy, v= ﬁlnw + v, 3.9

where w satisfying (3.7) and (3.8). We take initial
solutions of Eq.(2.1) as uy = vy = 0,
then (3.7),(3.8) and (3.9) respectively reduce to

WeWy — 4wy Wsy + 3w, = 0, (3.10)

Wy — Wy = 0. (3.11)
_ aZ _ aZ

u= ﬁlnw, v= ﬁlnw. 3.12)

Specially, we take a solution of (3.10) and (3.11)

w =1+ eclree’s), (3.13)

Then, solutions of Eq.(3.1) can be written by using
Eq.(3.12) as following

c2ec(x+c?t)

] t) = ) t)=———m5= y 314
u(x,t) = vy (x,t) (1+ec(x+czt))2 ( )
or
u(x, t) = v,(x,t) = %S‘ech2 [g (x + c?t)]. (3.15)

where ¢ is arbitrary constant.
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3.2 Application

The sixth order equation of the Burgers hierarchy is as
follows [17]

Up + Ugy + 21Uy Uy, + 35Uy, Uz, + 6UUS, +
15uuy, + 90uu,us, + 60uui, + 105u,,u +
20uBug, + 150U Uy, + 90uud + 15utu,, +
60u3u2 + 6udu, = 0. (3.16)
In accordance with the idea of improved HB [7]. We
investigate for Bdcklund transformation of Eq.(3.16).
When balancing u,,us, with ug, then gives M = 1.
Hence, we can write

0

u
ox

fw) +uy = f'w, + uy, (3.17)
where f = f(w), w=w(x,t), uy = ug(x,t). Here
f = f(w)and w = w(x, t) are undetermined functions,
u and u, are two solutions of Eq.(3.16). Substituting

(3.17) into Eq.(3.16) we obtain

up = f'wewy + f'wye + (W)

Ugy = fFPOW] + 21FOwiw,, + 105fPwiws, +
35FOwiws, + 105f Pw,wi, +

210f Dww,, wa, + 35Ff Pwiw,, +

105" w2, w3, + 70f "' w,wZ, + 105" w,wy, Wy, +
21F""W2wey + 35f " WaWay + 21 "Wy Ws, +
7f”WxW6x + f,W7x + (uO)Gx

21Uy = 21F OWE (o) + 210f Pwiwy, (o) +
21(ug)x (Ug)ax + Zlf(S)f,WJEWZX +

210f W f 'wiwgy + 21f Wy (ug)x + 21f Wy (Ug)ax +
21(F )Wy Wsy 4+ 21F O F "W + 210f D f"wiw,, +
Zlof”WZxW3x(u0)x + 105f”WxW4x(u0)x +
21f" Wi (Ug)ax + 210f ' f ' Wi w3, +
105f /" WyWoWay + 21f f"'W2we, +
210(f ") ?wiwp Wy + 105(f ") wiw,, +
315f’”WxW22x(u0)x + 210f,”W9?W3x(u0)x +

315 f""'wew3, + 210f ' f""'w2iwy,ws, +

315F" f""wiwz, + 210" f"" wiws,

35Uy, sy = 35f(4)wa? (uo)xx + 35(“0)2x(u0)3x +
35F ™ f'wiwsy + 35F Way (Ug)ay + 35F War (o) 2 +
35(f’)2W3xW4x + 105f(4)f”W3W2x +
105f”WxW2x(u0)3x + 105f”W22x(u0)2x +
140f”WxW3x(u0)2x + 105f’f”W22xW3x +

1401 f"'w,w2, + 105f" f""'wywyp Wy, +
315(f ") wyew3y + 420(f ") Wi wo W3y +
357 W w4 35f"" Wi (ug)sy +

2101 " Wiway (o) 2y + 210" f" " Wiwy,ws,y +
35F " wiwy, + 735F" f"'wiwZ, +

140f" f""'wiws, + 210(F"")?w2wyy,

6uus, = 6f Owlu, + 90f Pwiw,, u, +

270f Dw2w2 uy + 120f Pwiwaug + 61y (Ug)sy +
60f"wiug+ +90f" Wy Wa, g + 36f " Wywe, ug +
6f O f'wl +90f® f'wiw,, +270f D f'wiws, +
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120f(4)f’WJ?W3X + 6f’W6xu0 + 6f’Wx(u0)5x +
60f,f”WxW?%x + 6(f’)2WxW6x + gof,f”WxWZszlx +
36f'f"wiwg, + 90f "W, uy +

3601 w,wy,Wa, g + 90" W2iw,, ug +

90f ' f" ' wywsy + 360f ' f"" Wiwy ws, +
90f"f"" Wi Wy

15u%u,, = 15fOwSW2) + 150f Dwiw,, (ud) +
15(ud) (ug)ax + 30F O f'wlu, +
300f @ F'wiw, uy + 15 'we, (u2) +

301 'wyttg(g)ax + 15F S (F)2w) +
150f(4)(f,)2W;W2x + 30(f,)2WxW5xu0 +
15(f)2wi (ug) ax + 15(fF)*wiws, +
150f " Wy Wa, ud + 75f " wywy, u +

3001 f" ' wyuwy,, Wty + 150f f'w2wy, up +
150(f ") f"wiwpewsy + 75(f )2 f "' Wiwy, +
225f""'w,wi u3 + 150f"" ' w2wg,ud +

4501 f""'wiwz ug + 300f f" ' wiws,ug +
225(f )2 f "' wiwZ, + 150(f ) f " wiws,

90U Uz, = 90F Pwitug(ug)x + 90U (o) x (Ug) 3 +

901 ™ f'wiwy,ug + 90F @ frwg (ug), +
90/ Wy tg(Ug)x + 90 Wottg(ug)3x +
90f,Wx(u0)x(u0)3x + 90f(4)(f’)2W)?W2x +
90(f’)2W2xW4xu0 + 90(f’)2WxW4x(u0)x +
90(f’)2WxW2x(u0)3x + 900’)3WxW2xW4x +
90f W f " wug + 270f "Wt (Uo)y +

3601 " Wywsttg(Ug)x + 90f " Wiug(Ug)sx +

9F D' f'w] + 270f'f"' w3 uy +
360f" "' WyWy, Warlg + 90F f/ ' Wiw, ug +
270f,f”WxW22x(u0)x + 360f’f”WJ?W3x(u0)x +
90f'f" w3 (Uo)sx + 270(f )2 f""wyw3, +
360(f,)2f”W3W2xW3x + 90(f’)2f”WJ§W4x +
270(F")2w2wi uy + 360(f ") wiws,uy +
270f"(f")?wiws, + 360f'(f")?wyws, +

540f """ wiwyug(ug), + 5401 f ' wiwzuy +
540" f""'w3wy, (ug), + 540(F N2 f""wiwi, +
540" f"" wiwyy g + 540f " " wiws,

60uu3, = 60U, (g3, + 120f ' Wartto(ug) oy +
60f’Wx(u0)%x + 60(f,)2W3?xu0 +
120(f’)2WxW3x(u0)2x + 60(f’)3WxW§x +

3601 " wyWyy g () 2x + 360f" f "' wywy,wasug +
360f" f""Wiwzy (Ug) 2 + 360(f ) f" ' Wiw, Wy +
540(f"")*wiwZuy + 540 (f")2wiw2, +
120" w3ug(g)ay + 120 "' Wiws,ugy +
120f"f"'wy (o) g + 120(f )2 f " Wyws, +
360f" " wiwyug + 360f f" f ' wew,, +
60(f"")?woug + 60(f ") f'wy

105u,uf = 105(ug)7 (o) 2y + 105f 'y (ug)7 +
2101 ' Wy (o) x (o) 2x + 210(f ") Woywsy () +
105(f")? w3y (o) ax + 105(f )3 wiws, +
315f”wxw2x(u0)§ + Zlof”WJ? (uo)x(uo)ox +
6301 f ' wywZ, (Uo)x + 2101 f"" Wiws, (ug), +
210f" f"Wiwyy, (W) 2 + 315(F )2 f "' wyewsy +
210(f')2f”W,?W2xW3x + 630(f1’)2Wx3W2x(u0)x +
105(f"")?wy (o) 2x + 6301 (f")2wiws, +

1051 (f")*wiwsy + 315(f ") wiw,, +
105F"" w3 (ug)2 + 210f' f""wiwy, (1), +
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105(F)2 " wiwd, + 210f"F " wS o), +
210f’f”f”’w,§w2x + 105(f”)2f’”w,z

20ulus, = 20 Dwiud + 20ud (uy) sy +
60f @ F'wiud 4+ 20f ' wyud + 60f ' woud(ug) sy +
601 W (f") 2wy + 60(f ) wywy,ud +
60(f)2wiug(ug)sx + 20f W (f) 3wl +
60(f’)3W;?W4xu0 + 20(]”)3W3 (Up)3x +
20(f)*wiwy, + 60f" " w2 ud + 80f"w,ws,ud +
1801 f"'wywi u2 + 2401 f"'wiws,u +
180(f")*f"wiwg ug + 240(f )2 f" " wiws ug +
60(f" )3 f" " wiws, +80(f)3f" " wiws, +

120" w2wy,ud + 360f' "' wiw,,ué +
360(];’)2f”’w,?w2xu0 +120(f )3 " wiw,y
150U U, Uy,
150“(2) (uo)x(uO)Zx + 150f,W3xu(%(uo)x +
150f ' wyud (U) 25 + 300f ' Wyt (ug) (o) 2y +
150(f’)2W2xW3xu(2) + 300(f,)2WxW3xu0(u0)x +
300(f ") WyWartg(tg) 25 + 150(F ) 2wy () x (Ug) 2x +
300(f’)3WxW2xW3xu0 + 150(f,)3WJ?W3x(u0)x +
150(f’)3w2?w2x(u0)2x + 150(f,)4W3?W2xW3x +
450f”WxW2xu(2)(u0)x + 150f”W9?u(2)(u0)2x +
4501 f"'wew2,ud + 150f ' f ' wiws,ud +

900f" f" wiwarug(Ug)x + 300f" f'wing(up),y +
900(f")*f"wewsyuo + 300(f ") f""wiws u, +
450(f ") " weway (Ug)x + 150(f )2 f "Wy (Ug) 25 +
450(f ") f'wiws, + 150(f )3 f " wiws, +
450(f ") 2wiwoug + 900 (f ") wiwy g +
450(F)2(f")*weway + 150f " wiug (ug), +
150f" f""'w3wy,ul + 300f f"" wiug(ug), +
300(f")2f" ' wewaxttg + 150(f )2 £ e (ug)x +
150(f’)3f”'W5W2x + 150f”f”'w,§u(2, +
300f'f"f""wgug + 150(f )2 f" f"'wy

90uud = 90uy(ug)d + 270f 'ug(up)2wy, +

90f 'wy(ug)3 + 270(f") w3 o (ug)x +
270(f ") wyewor (ug)3 + 90(f)3w3 uo +
270(f )P wyew3y (o) + 90(f ) ' wyews3, +
270f"wiug(ug)s + 540f ' f" ' wiw, g (Ug), +
270f" f"wi (ug)% + 270(f ) f"'wiwZug +
540(f )2 f " wiway (o) + 270(f ) f'wiw3, +
270(f ") *weuo(Ug)x + 270f ' (f ") wiwy g +
2701 (") 2wz (o) + 270(f )2 (f"") 2 wew,y +
9(5)(]:”)3%?“0 +90f'(f")*w/

15uu,,
15ug(u0)2x + 15f’qu3x + 60fIqug(u0)2x +
60(f")*wywsyug + 90(f ) 2wiug(ug)x +
90(f")Pwiwsyug + 60(f )2 wing(ug)2y +
60(f’)4W;?W3xuo + 15(f')4w,?(u0)2x +

15(F") wiws, + 45F " wow,, ug +

1801 f"'wiwy,ug + 270(f ) f ' wiwyuf +
180(f )3 f""wewauto + 45(f ) f ' wewy, +
157" w3ud + 60f' f""'wiud + 90(f)?f""'wiud +
60(f )3 f""weuy + 15(f)*f"'wy

60u3uz = 60ud(up)2 + 1201 'wy,ud (ug), +
1801 'w,u (up)2 + 60(f)2wi,ud +
360(f") > wyewo ub (o) + 180(f ) wiug (ue)% +
180(f") > wywiyug + 360(f ) wiwa,ug(uo)y +
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60(f")3w; () + 180(f ) *wiwi,u, +
120(f,)4W9?W2x(u0)x + 60(f,)5WJ?W22x +

120" w2ud (ug), + 120f' f"wiw,,ud +

360f"f"" wiug (ug)x + 360(f)*f" wiw,,uf +
360(f")*f"wyiug (o) + 360(f ) f" wywy,uy +
120(f")* f"'wy (uo)x + 120(f ) *f"wiwy, +
60(f”)2w,‘§u(3] + 180f’(f”)zw,§u§ +
180(f )2 (f")*wyug + 60(f ") (f")*wy

6usu, = 6ud(uy), + 61 woud + 30f weug(uy), +
30(f,)2WxW2xug + 60(f,)2W)?ug(u0)x +
60(f,)3W9?W2xu3 + 60(f,)3W)?u(2)(u0)x +
60(f ) *wiw, ug + 30(f ) *wiug(ug), +
30(f" ) wewayug + 6(f ) wg (o) + 6(f)°wiw,, +
6f”W,?uf;’ +30f f"wiud + 60(f ) f"wiud +
60(f" ) f""weuf +30(f)*f"weug + 6(f' ) f"'wy

and

Wl [fD +21fOf" 4 35FDf" 4+ 6O f" 4
I5FO(F)? +90fDf " + 60(f")*f' +
105(f")2f" + 20f W (f)* + 150(F)*f"'f" +
90£'(f")2 + 15(f)*f " + 60(f )3 (f")? + 6(f)°f"]
+(21fOwiwy, + 111 O f'wiw,, +
315F @ Fr'wiw,, + 210(F")2wiw,, + 6f ©wlu, +
30f O f'wluy + 240f D (f )P wiw,, +
90f @ " wug + 11101 f" " wiw,, +
60(f"") wluy + 315(f")3wiw,, +

60f W (f")2wiug + 270(f')° " wiws, +
720(f)2(f")?wiwa, + 300f'f" f" 'wiug +
90(f" ) wyeuy + 165(f ) f ' wew,y +
60(f")>f" ' weuy + 180(f)*(f ") *wyu, +
6(f ) wiw,, + 30(f’)4f”W:?uo)

+(105F Owiwi, + 35 Owiws, + 21F Ows (ug), +
480f @ f'w3w3, + 1050f" f""'wiws, +

350f" f""'wiws, + 155F @ f'wiws, +

90f Pwiw,, uy + 15f Pwiu2 +
390F W f'wiw,,uy + 270(F )2 f "' wiws, +

90f W f'wg (o) + 1440f" (f") > wiws, +
465f'(f"")?wiws, + 870(f ) f""'wiwi, +
900f" " witwy g + 210F" "W (ug), +
60f @ f'wiud + 780(f)3f""wiws, +

230(f")* f"'wiwsy + 660(f ) f " wiw,yug +
1170 (f ") wiwaxug + 150(F ) f"'wg (o), +
150f”f”'W,?u(2) + 270f'(f”)2W,?(u0)x +
15(f ") wyws, + 540(f )3 f"'wiw,,ug +
90(f)2f""weuf§ + 60(f' ) wiwg, +
120(f")3f""wg (o), + 180" (f")?wiud +
30(f ") wyiwyeug + 6(f) 3wy (ug)x +
60(f")*f"wiug)

+(105f Dw,wi, + 210f Pw2wy,ws, +
35FWwiw,, + 210f Dwiw,, (uy), +
105(F")2w3wy, + 405f'f""'w,wi, +

35F Wwy (ug)x + 315(f ) 2w,y +
630(f")2wiwy, Wiy + 125f'f""'wiw,, +
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270f Dw2w uy + 120f Pwiw,u, +
780f" f'" Wiw,,Way + 150f Pwiw, ud +

9901 f""'wiwi,uy + 420f "' wiws,uy +
585(f’)2f”WxW23x + 1080(f’)2f”W9?W2xW3x +
165(f ) f"'wiway + 810(f ") wiwi ug +
360(f”)2W3W3xu0 + 750f,fI”WJ?W2x(u0)x +
120f"f"'wy (o) 2x + 630(f ") 2 Wiws, (o) +
105(f")?wy (ug)2x + 20f(4)w,‘3u(3, +20(f ") 'wiw,, +
150(f’)4W)?W2xW3x + 540(f’)2f”W;?W3xuo +
990(f ") f""Wiway (o) + 150(f )2 f" "Wy (Ug) 2 +
450(f ") wiwy,ud + 510f ' f " wiw,,us +
3001 f" witg(u)x + 90(f ") wyews, +
1350(f ") f""wiwiyuo + 270(f ") *wiug (ug)x +
60(f ") 'wiwsyug + 15(f ) *wy (Ug) 2y +
601" """ wiud + 180(f ) *wiwi,u, +
120(f ") 'wiwyy (o) x + 630(f )2 f"'wiw,,uf +
360(f")*f"wiug (o), + 60(f")*wiug +
60(f ) *wiw,,ud + 30(f ) *wyug(ug), +
60(f")*f"wyug

+(105f""wi w3, + 70f " w, w2, +

105" WyWo Wiy + 21" W2ws, +

315F' f""w2,way + 300f f" ' WyWy, Wy, +
57f'f"wiwsy + 315f "' wew, (ug), +

210" wiwsy (ug), + 2001 f"'w,w2, +
35F""'w; (Ug)sx + 210f "' wiw,y (o) 2y +
90f "' w3 uy + 360f " Wew,, WUy +

90f """ w2wy, e + 15(F)3wiwe, +
10201 f" ' wywq, Wty + 240f f'W2wy, uy +
225f""'w,wi u3 + 150f"" w2ws,ud +
270f’f”W23xu0 + 900f’f”WxW22x(u0)x +

570f" f""wiwsy (Uo)x + 90f " f"'Wi ()3 +
540" W2w,, g (Ug)x + 90(F ) 3w wo, Wy, +
60(fl)3WxW3?x + 570flf”w)?W2x(u0)2x +
120" wiug(ug)2x + 105(f ) 3w ws, +
105w (ug)% + 60(f ) wiwsu, +
20(f')3w,§(u0)3x + 630f,f”WxW22xu(2) +

3901 f"'wiws,ud + 120f "' w2w,,ud +
300(fl)3WxW2xW3xu0 + 150(f,)3WJ?W3x(u0)x +
150(f ") > wiway (Ug)2x + 1440f" f " Wiwpttg(Ug)x +
300f" f"wiuo(uo)ax + 150f "' wiud (uo), +
90(f’)3W23xu0 + 270(f,)3WxW22x(u0)x +

270" f"'w3 (ug)% + 90(f )3 wiws,uf +
60(f’)3w,§u0(u0)2x + 300f’f”W;?W2xu8 +
15" w3ug + 180(f")3w,w2, u2 +
360(f") > Wiwyttg(ug)x + 60(f')* w3 (uo)7 +
360f"f""wiug(ug)y + 60(f )P wiw,,ug +
60(f")*wiug(uo)y + 30f'f"wiug

+(f"wewy + 35f "Wy Wy, + 21F "Wy we, +
7f”WxW6x + Zl(f’)ZWZXWSX + Zlof”W2xw3x(u0)x +
105" Woway (Ug)y + 21F" " W2 (ug) 4y +
35(fl)2W3xW4x + 105f”WxW2x(u0)3x +
105" Wi, (Ug) 2 + 140f " Wywsy (Ug) 2 +
601w ug + 90f " Wy, Wty + 36 Wyws, Uy +
6(fl)2WxW6x + 30(f’)2WxW5xu0 +
15(f’)2W)?(u0)4x + 150f”W2xW3xu(% +
75f”WxW4xu(2) + 90(f')2W2xW4xu0 +
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9O(f’)2WxW4x(u0)x + 90(f’)2WxW2x(u0)3x +
270f " wiuo (o) x + 360f " wewsy g (o), +
90f""wyug(ug)sx + 60(f)°wiuy +
120(f")* Wy Wy (Ug) 2 + 360" WyWyyttg (o) 2y +
210(f ") WoxWayx (Ug)x + 105(f")? W3, () 2 +
315f,,WxW2x(u0)ch + 210f”w§(u0)x(u0)2x +
6O(f’)2WxW4xu(2) + 60(f,)2W)?u0(u0)3x +
60f" w2, u3 + 80f " w,ws,ud + 150(f") 2wy, ws,ud +
300(f’)2WxW3xu0(u0)x + 300(f’)2WxW2xu0(u0)2x +
150(f’)2WJ? (uo)x(uo)u + 450f”WxW2xu(% (uo)x +
150f " wiug (up)2x + 270(f ) 2wi g (ug), +
270(f ") wyewoy (Ug)% + 270f "wiu,(ug)% +
60(f,)2WxW3xug + 90(f’)2WJ?u(2)(u0)2x +
45f" wawy,ug + 60(fF)*wzud +
360(f ") wywo ub (), + 180(f ) *wiug (ue)% +
1201 " w2ud (ug), + 30(f")*wywy,ud +
60(f")?wiug(uo)x + 6f"'wiug)
F(f "Wyt + f'Wrx + 21f Wiy (ug)y +
211 'Wox (Uo)ax + 35f ' W3y (Ug)3x + 35F War(Uo)2x +
6f,W6xu0 + 6f,Wx(u0)5x + 15f,W5xu(% +
30f ' wrug(uo)ax + 90 Wyrug(uo)y +
901" Waxttg(Ug)3x + 90f Wy (o) (Ug)3x +
120f ' Wastt(Ug) 25 + 60f ' Wy ()3, +
1051 'Wa, (Ug)F + 210f 'Woy (o) () 2 +
20f,W4-xu3 + 60f,qu% (u0)3x + 150f’W3xug (uo)x +
150 'wo ud (o) 2 + 300 Wyt (1g) x (o) 2x +
270f ' Wayttg(ug)3 + 90f 'wy (ug)3 + 15f 'wa,ug +
60f,qug(u0)2x + 120f’W2xug(u0)x +
180f’qu(2)(u0)926 + 6f’W2xu8 + 30f’qug(u0)x).
(3.18)
Setting the coefficients of w! in (3.18) to zero
respectively, we obtain a set of ordinary differential
equations

FO +21fOf" +35FWf 4 6f©f 4
15f(5)(fl)2 + 90f(4-)f!f!l + 60(f///)2f/ +
105(fll)2flll + 20f(4)(fl)3 + 150(f/)2fl/flu +
907" (F")* + 15(F) " + 60(F V()2 +
6(f)°f" =0,

which have solutions

f = Inw,

(3.19)

there by from (21) it holds that

(fl)z — _f/l’ (f/)3 — %f’li, flfll - _%f”l’ (fl)4- -

(F"2 =@,
f/fm — _%f(zl-)’ (f/)zfu — %f(4-)’ f(4-)fl — _if(S)'
fllflll — _%f(S)’

(fI)ZflIl — %f(S)’
) =G =5, (Ff" =
_Zf(S)’ f(S)f' - _Ef(ﬁ)’
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n 1 ! 1 ! rn rnr
fOFf =—5f(6)‘f(4)(f )2=5f(6)'ff f"=
L r® (fryz — 1 £(6)

o ==

(f”)3 — (fl)4fll — ﬁf(ﬁ)‘ (f’)3f”’ — _%f(ﬁ),
F2UN? = ()8 = =5 f©. (3.20)
By using Egs. (3.18) and (3.20) can be written as the

sum of some terms with f’ and f'" setting their
coefficients to zero will lead to

Wx(Wt + Wex + 15W4x(u0)x + 6Wx(u0)4x +

15w,y (Ug)3x + 20W3y (o) 2y + 6Wslg + 15wy, uf +
60w, ug(Ug)x + 30wy ug(Ug) 3y + 60w (Ug) 2y +
45w (U)F + 60w, (1g) x (Ug)2x + 20wz, ug +
90W2xu(2) (uo)x + 60qu(% (uO)Zx + 90qu0 (uO)JZc +
15wy, uf + 60w, ud (ugy), + 6wyud) + % (We + Wey +
15wy (Ug) x + 6Wy (Ug) 4y + 15Woy (Ug) 3y +

20w, (Ug) 2y + 6Wsy Uy + 15wy, us +

60w, ug(Ug)x + 30wy ug(Ug) 3y + 60w, (Ug) 2y +
45w, (Ug)% + 60w, () (o) 2y + 20ws,ug +
90W2xu(2) (uo)x + 60qu(% (uO)Zx + 90qu0 (uO)JZc +
15w, ug + 60w, ud (ug), + 6w,ug) = 0.

(3.21)

Above equations are satisfied provided that

Wi + Wex + 15W4x(u0)x + 6Wx (u0)4x +

15Way (Ug)3x + 20Wsy (o) 25 + 6Wsy Uy + 15wy, uf +
60w3, o (Ug)x + 30w,y (Ug) 3y + 60w,y (Ug) 2y +
45w,y (1g)% + 60wy () (o) 2y + 20ws,uf +
90W2xu(2) (ug)x + 60qu(2) (ug)2x + 90w, u, (uo)azc +

15w, ud + 60w, ud(ug), + 6wyug = 0. (3.22)
From (3.17) and (3.19), we obtain Bdcklund
transformation of Eq.(3.16)

]
u= alnw + ug, (3.23)

where w satisfying (3.22). We take initial solutions of
Eq.(3.16) as uy = 0, then (3.22) reduce to

Wt + W6x = O, (324)
=2 (3.25)

u= P nw. .

Specially, we take a solution of (3.24)

w =1+ elr=¢), (3.26)

Then, solutions of Eq.(3.16) can be written by using
(3.25) as following

cec(x—c5t)

u(x,t) = Trot-50)

(3.27)
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or

u(x, t) = g(l + Tanh E (x — cst)]). (3.28)

where c is arbitrary constant.

4. Results and Discussion

We discuss the results to Eg. (3.1) and Eq. (3.16)
obtained by using the present technique in the literature
and the reported results in this study. J. Liu et al. [43]
obtained the exact solutions of complexly coupled KdV
equations by using Jacobi elliptic function method. I.E.
Inan and D. Kaya [38] obtained exact solutions of
complexly coupled KdV equations by using Generalized
tanh function method. A.M. Wazwaz [35] obtained
multiple Kkink solutions and multiple singular kink
solutions of Burgers hierarchy equations by using
Hirota bilinear method. For Eq (3.1), when we compare
our result with the results reported in J. Liu et al. [43]
and I.E. Inan and D. Kaya [38], we found the solution is
similar to the hyperbolic solution found by J. Liu et al.
[43] with LLE. Inan and D. Kaya [38]. For Eq (18),
when we compare our result with the result reported in
A.M. Wazwaz [35], we found the solution is same to the
hyperbolic solution found by A.M. Wazwaz [35]. The
Auto- Bdcklund transformation used in this article is a
powerful method for finding traveling wave solutions of
nonlinear partial differential equations.

5. Conclusion

We used the Auto-Bdcklund transformation for finding
the travelling wave solutions of the complexly coupled
KdV equations and the sixth order equation of the
Burgers hierarchy.. The solutions found as a result of
the application of the method are hyperbolic function
and exponential function solutions. The accuracy of
these solutions was seen by using Mathematica 11.2
computer program. Many nonlinear partial differential
equations and system of equations can be solved using
this method.
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